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a b s t r a c t
Using an improved path integral Monte Carlo method, ﬁnite-temperature structural and dynamical properties of 4HeN–N2O clusters (N 6 40) are investigated. The simulations employed a newly developed He–
N2O interaction potential obtained at the CCSD(T) level. Good agreement with experimental observations
was obtained for the evolution of the effective rotational constant as a function of cluster size. In particular, the experimentally observed turnaround at N = 6 for the effective rotational constant Beff is attributed to ﬁlling of the ‘‘donut’’ ring structure around the equator of the linear impurity molecule, and a
second extremum in Beff for cluster sizes near N = 10 is associated with the emergence of superﬂuidity
of the quantum solvent. A careful comparison with properties of HeN–CO2 clusters suggests that the difference between the renormalized rotational constants of the two impurity molecules is due to the
anisotropy of the solute–solvent interaction potential.
Ó 2011 Elsevier Inc. All rights reserved.

1. Introduction
Spectroscopic studies of impurity molecules embedded in lowtemperature He clusters have revealed fascinating structural and
dynamical behaviors of the micro-solvation environment [1]. For
example, a linear impurity molecule (OCS) was found to have
microwave spectra resembling a free rotor (albeit with a signiﬁcantly smaller rotational constant) in low-temperature 4He nanodroplets (N  104), but it undergoes hindered rotation in 3He
droplets around the same temperature [2]. This striking observation was taken as evidence for a microscopic manifestation of
superﬂuidity in 4He droplets, apparently due to the exchange of
the identical bosonic solvent atoms. This is a unique quantum
mechanical phenomenon that has no classical counterpart.
A key question is concerned with the onset of microscopic
superﬂuidity in such clusters. To this end, several infrared and
microwave studies have been carried out to probe the micro-solvation environment for linear molecules (OCS, CO2, and N2O) embedded in relatively small 4He clusters (N < 100) [3–13]. The variation
of spectroscopic properties with the size of the cluster provided
valuable information on the transition from a simple van der Waals
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complex to a quantum solution. Most interestingly, strong evidence has been presented for the emergence of superﬂuidity with
only a few 4He atoms.
A remarkable observation was made by Nauta and Miller [14],
who found that in 4He nanodroplets the rotational constant of
N2O was just half of CO2, even though the gas phase constants of
the two are similar. The drastically different behaviors of the two
chromophores in 4He clusters reﬂect the sensitivity of spectroscopy to the nature of the interaction between the solvent and
impurity. Thus, an accurate dimer potential energy surface (PES)
is particularly desirable for understanding the differences in solvation behavior. While elaborate He–CO2 PESs have been reported by
several groups [15,16], of those for He–N2O [17–19], only one [20]
incorporates explicit dependence on the N2O internal modes. Such
dependence is essential for simulating the IR spectra of the N2O
chromophore in such clusters.
With an accurate He–N2O PES, the spectroscopy of a N2O molecule embedded in 4He clusters of various sizes can be simulated. To
this end, an efﬁcient quantum simulation method is needed to describe quantum ﬂuctuation in these relatively large systems at ﬁnite temperatures. An ideal approach is the path integral Monte
Carlo (PIMC) method [21], which has been extensively used to
investigate doped 4He clusters, yielding rich insights [22,33]. In
particular, the 4HeN–N2O system has been studied by PIMC
[9,25], as well as by other quantum methods [25,34,35]. This work
uses the PIMC method developed by Blinov and Roy, which explicitly considers the rotational degree of freedom of the chromophore

137

L. Wang et al. / Journal of Molecular Spectroscopy 267 (2011) 136–143

impurity [26,27,36]. The Bose identical-particle exchange was handled using the efﬁcient worm algorithm [37,38].
The paper is organized as follows. Section 2 presents a brief
description of the ab initio calculation of the He–N2O PES, and of
how it is ﬁtted to an analytic function. Section 3 outlines the PIMC
approach for doped 4He clusters, and describes the framework of
the superﬂuidity simulations. Section 4 then presents tests of the
PES and the results of our PIMC simulations, together with an analysis of the evolution of the cluster structure and superﬂuid behavior with cluster size, and a comparison between the properties of
4
HeN–N2O and 4HeN–CO2 clusters. Finally, brief conclusions are
presented in Section 5.
2. He–N2O dimer potential energy surface
Following our earlier work [20], we treated He–N2O as a three
dimensional system whose coordinates were the distance R between He and the center of mass of N2O, the associated Jacobi angle h, and the N2O monomer antisymmetric stretch coordinate Q3.
(The normal coordinates Q1 and Q3 are determined by diagonalizing the vibrational Hamiltonian.) The explicit inclusion of Q3 is designed to allow for realistic simulations of IR spectra of the
clusters; however, the present work focuses on their rotational
dynamics.
The ab initio calculations were based on a direct-product coordinate grid. Speciﬁcally, the following 22 point R grid was used:
R = 3.6, 4.0, 4.5, 5.0, 5.2, 5.4, 5.6, 5.8, 6.1, 6.4, 6.8, 7.2, 7.6, 7.8, 8.0,
8.3, 8.6, 9.0, 10.0, 13.0, 15.0, and 19.0 Bohr. The grid points at large
R are necessary to deﬁne the long-range interaction potential that
is important for large clusters. In the h coordinate, twelve points
were evenly distributed between 0° and 180°, while ﬁve points
were employed to describe the antisymmetric stretch Q3. With a
few more points added in the potential well region, a total of
1640 ab initio grid points were generated. The electronic structure
calculations were carried out with the MOLPRO package [39] at the
coupled-cluster singles and doubles level with non-iterative inclusion of connected triples, CCSD(T) [40], with the augmented correlation-consistent quadruple-zeta (AVQZ) basis set [41] being used
for all atoms, and this basis was supplemented with bond functions
(3s3p2d1f1g) (for 3s and 3p, a = 0.9, 0.3, 0.1; for 2d, a = 0.6, 0.2; for
f, a = 0.3) [42] located at the center of the van der Waals bond. A
supermolecular approach was adopted, and the full counterpoise
procedure [43] was used to correct for basis-set superposition
errors.
Following our earlier work [44], we further constructed a twodimensional (2D) He–N2O PES for the N2O ground-state v3 level.
This was done by averaging the 3D ab initio PES with appropriate
vibrational wavefunctions:

V m3 ðR; hÞ ¼ hum3 ðQ 3 ÞjVðR; h; Q 3 Þjum3 ðQ 3 Þi;

ð1Þ

where um3 ðQ 3 Þ is the v3 vibrational wavefunction for an isolated
N2O molecule. To take account of contributions from the symmetric
stretching mode (v1) which might be signiﬁcant, as discussed in a
previous work on the He–CO2 system [33], we have calculated
um3 ðQ 3 Þ using the average Q1 value for ground state N2O. In particular, for the v3 = 0 wavefunction, Q1 was ﬁxed at a value determined
by the average N–N and N–O bond lengths of 1.12872 Å and
1.18792 Å, respectively.
Following the previous study on the potential ﬁtting of He–N2O
[17], the 2D PESs were ﬁtted to the analytical form:

V HeN2 O ðR; hÞ ¼ V sh ðR; hÞ þ V as ðR; hÞ;

ð2Þ

in which Vsh(R, h) is the short-range part with the following form:

V sh ¼ GðR; hÞeDðhÞBðhÞR :

ð3Þ

The functions D, B and G were expanded in terms of Legendre polynomials Pl ðcos hÞ:

GðR; hÞ ¼ R2

N
X
i¼0

L
X

DðhÞ ¼

l¼0

BðhÞ ¼

L
X
l¼0

Ri

LG
X
l¼0

Pl ðcos hÞ
g li pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ;
2l þ 1

ð4Þ

l P l ðcos hÞ
d pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ;
2l þ 1

ð5Þ

l P l ðcos hÞ
b pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ;
2l þ 1

ð6Þ

with expansion lengths L = 4, LG = 5, and N = 4.
The long-range asymptotic term Vas(R, h) was given in the Tang–
Toennies form [45], which includes a damping term for small R:

V as ¼

Lmax
12
X
fi ½BðhÞR X

Ri

i¼6

C li

l¼0

!
Pl ðcos hÞ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ;
2l þ 1

ð7Þ

P
with fi ðxÞ ¼ 1  ex ik¼0 xk =k!. This analytical potential form was
suggested by Tang and Toennies, and modiﬁed by Bukowski and
coworkers by introducing anisotropy [46]. The ﬁtting was based
on the Levenberg–Marquardt nonlinear ﬁtting algorithm [47]. The
parameters in the previous work [17] were used as initial guesses
for our ﬁt, and the expansion lengths were extended gradually.
3. Path integral Monte Carlo method
3.1. Hamiltonian
The Hamiltonian for the HeN–N2O cluster may be written as:

b ¼H
b He þ H
b N O þ V He N O ;
H
N 2
2

ð8Þ

where

b He ¼
H

N
X
X 

p2i
þ
u jri  rj j
2m
He
i<j
i¼1

ð9Þ

denotes the Hamiltonian for He atoms with pi and ri (i – 0) being
the momentum and position of a He atom, respectively. The He–
He pair potential u is that of Aziz et al. [48].
The Hamiltonian for the impurity (i = 0) treats it as a translating
rigid rotor:

bN O ¼
H
2

p20
þ BN2 O L2 ;
2mN2 O

ð10Þ

where p0 and L, respectively, denote the linear and rotational angular momentum of N2O. The rotational constant for N2O is
BN2 O ¼ 0:4190110 cm1 [49]. Finally, the interaction potential between He atoms and N2O is also assumed to be a pairwise sum:

V HeN N2 O ¼

X

V HeN2 O ðRi ; hi Þ;

ð11Þ

i

where Ri and hi are the Jacobi coordinates of the ith helium atom
with respect to the molecular dopant.
3.2. Path integral Monte Carlo
b its canonical average
For any quantum mechanical operator ð OÞ,
can be calculated as follows [21]:

1
bq
^ ðbÞg
Trf O
Z
Z
1
b 0 X0 ihq0 X0 jq
^ ðbÞjqXi;
dqdq0 dXdX0 hqXj Ojq
¼
Z

b ¼
h Oi
b

ð12Þ

^ ðbÞg is the partition function and b = 1/kBT. The
where Z ¼ Trfq
above integration is performed over the translational coordinates
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of both N2O and He moieties, denoted as q = (r0, {ri>0}), and the orientation of N2O in the space-ﬁxed frame, denoted as X.
To compute the density matrix, we adopt the path integral approach [50], in which the integral is discretized in imaginary time:

b
hq0 X0 jeb H jqXi ¼

Z



Z Y
K0

dXk

k¼2



K
Y

A¼

dqk
ð13Þ

k¼1

k¼1

b rot represents the rotational kinetic energy operator of N2O,
where T
N2 O
b tr stands for the remainder of the Hamiltonian in Eq. (8). Note
and H
that the Trotter time slices are deﬁned separately for transitional
and rotational degrees of freedom: s = b/K and s0 = b/K0 [26]. In addition, boundary conditions are deﬁned as (q1X1) = (q0 X0 ) and
ðqKþ1 XK 0 þ1 Þ ¼ ðqXÞ.In the PIMC simulation, a closed form [51] was
used for the rotational density matrix, while the primitive approximation was employed for the translational density matrix. The
sampling for the rotational degree of freedom was performed with
the standard Metropolis algorithm [51,52], while that for the translational degrees of freedom was carried out using a multilevel
Metropolis algorithm [21]. The Bose exchange was included in PIMC
by the efﬁcient worm algorithm [37,38]. The details of the implementation will be presented separately in the near future [53].

s
:
In==ð?Þ ¼ Icl==ð?Þ 1  f==ð?Þ

ð21Þ

Denoting the moment of inertia of the impurity molecule as Iimp, the
total moment of inertia of the solvent–molecule complex can be exn
n
pressed as I?  Iimp þ
 I? and I== ¼ I== [9]. It is clear that in the supers
ﬂuid limit f? ¼ 1 the perpendicular moment of inertia is
dominated by that of the impurity. The effective rotational constant
Beff is related to I\, and it can be compared with that obtained by
directly ﬁtting the canonical orientational correlation function to
the PIMC data [26].

4. Results and discussion

3.3. Superﬂuidity

4.1. He–N2O potential energy surface

The Feynman path integral provides a useful framework for the
investigation of superﬂuidity in a bosonic system. In the so-called
two-ﬂuid model [9,23,29,54], the solvent density is separated into
two components, the superﬂuid and normal-ﬂuid densities. Linear
response theory allows the calculation of the superﬂuid fraction for
rotation parallel (//) or perpendicular (\) to the molecular axis of
the impurity [55]:
s
f==ð?Þ
¼

ð20Þ

is related to the positions of the ith solvent atom at the imaginary
time slices k and k + 1, rki and rkþ1
.
i
Within the two-ﬂuid model, the renormalization of the rotational constant is considered as the drag of the normal component
of solvent atoms by a rotating impurity molecule, and the remaining atoms at superﬂuid state do not contribute to the moment of
inertia. Thus, the expression for the moment of inertia contributed
by the solvent atoms in the normal state In==ð?Þ is:

k¼2


K0
K 
Y
Y
btr
s0 T^ rot
hXk je N2 O jXkþ1 i
qk jes H jqkþ1


1 X X k
ri  rkþ1
i
2 i k

4m2He hðA  n==ð?Þ Þ2 i
2

bh Icl==ð?Þ

The 63 ﬁtting parameters deﬁned in Eqs. (2)–(7) for the v3
ground state of N2O are listed in Tables 1 and 2. The good quality
of ﬁt is demonstrated by the very small (0.004 cm1) rootmean-square (RMS) deviation from the ab initio points at energies
below 100 cm1.
Fig. 1 displays a contour plot of the ﬁtted He–N2O PES for v3 = 0.
A T-shaped global minimum with an energy of 62.27 cm1 is located at R = 2.983 Å and h = 87.02°, and a collinear minimum with
an energy of 32.81 cm1 is located at R = 4.13 Å with the He attached to the O end of the molecule. The energy minima are close
to those reported in our earlier work (62.34 and 32.88 cm1),
which used the same CCSD(T) level of theory with smaller AVTZ
basis set [20].

ð19Þ

;

where Icl==ð?Þ is the classical moment of inertia. The unit vector parallel (//) or perpendicular (\) to the molecular axis of the impurity,
n//(\), is deﬁned at the time slice s = 0. The path area

Table 1
Parameters deﬁning the short-range portion Vsh(R, h) of the He–N2O potential.
l

0

1

2

3

4

5

dl
bl (Å1)

141209.516630
3.15958096
367.16631696

1.66670463
0.00994087
397.04482027

6.79863607
0.74106730
262.75247753

0.56726561
0.04225818
1236.05919011

1.10422416
0.26650407
3208.80538543

866.35752497

966.93756842

382.62982168

1846.21051731

957.33264866

4832.56339672

1348.32204428

873.82520979

901.13038957

1587.87452510

123.74423496

2682.35640556

845.09048111

262.60894310

339.09804866

430.49558742

20.53157619

632.15318956

222.48747006

39.22456940

51.32272582

16.88199791

10.27419674

52.16452842

19.26104499

2

g l0 ðÅ cm1 Þ
g l1 ðÅcm1 Þ
g l2 ðcm1 Þ
g l3 ðcm1 =ÅÞ
2
g l4 ðcm1 =Å Þ

Table 2
n
Parameters C ln ðÅ cm1 Þ deﬁning the long-range portion Vas(R, h) of the He–N2O potential: l = 0, 2, 4, 6, 8 for even values of n and l = 1, 3, 5, 7 for odd n.
l

0/1

2/3

C l6
C l7
C l8
C l9
C l10
C l11
C l12

7.915762E + 03

3.496429E + 04

4/5

6/7

4.575543E + 04

1.147595E + 05

1.312085E + 07

3.153534E + 06

6.931970E + 05

4.622296E + 06

9.015936E + 06

3.844723E + 05

6.667501E + 08

2.810092E + 07

1.308070E + 08

3.151062E + 05

4.229494E + 07

3.012443E + 08

4.500103E + 07

1.332789E + 06

1.335133E + 10

4.055772E + 08

3.977583E + 09

7.648456E + 07

8

7.173112E + 07
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used in actual calculations. Extensive convergence tests have thus
been performed with respect to the number of time slices in both
the rotational and translational degrees of freedom. It was found
that 512 translational and 128 rotational time slices are sufﬁcient
to converge the results. The PIMC simulations were performed at
T = 0.37 K. The number of Monte Carlo steps was of the order of
108.

Fig. 1. Contour plot of the ﬁtted He–N2O potential energy surface (for m3 = 0) as a
function of R and h. The angles h = 0 and p, respectively, correspond to the oxygen
and nitrogen ends of the impurity. The contours descend from 0 to 62 cm1 with
an interval of 2 cm1.

To assess the accuracy of the He–N2O PES, we have computed a
number of transition energies between pure rotational levels of the
He–N2O van der Waals complex by the discrete variable representation (DVR) method [56–58] and compared them with experiment. As shown in Table 3, the errors in the transition energies
calculated from the present PES are slightly smaller than those obtained from the surface reported in Ref. [19].

4.2. PIMC
4.2.1. Numerics
The main source of systematic errors in a PIMC simulation is the
‘‘primitive approximation’’, that is, the ﬁnite number of time slices
Table 3
Comparison of calculated rotational transition frequencies (in MHZ) with observed
ones. The observed frequencies vobs denoted by a⁄ symbol came directly from
microwave experiments [19] while the others were generated by taking differences
between observed infrared transitions [64].

a
b

J0K 0a K 0c  JK a K 0c

vobs

vcala

% errora

vcalb

% errorb

220–221
110–111
110–101
220–211
101–000
211–212
211–202
111–000
221–212
221–202
202–111
212–111
202–101
212–101
211–110
221–110

5184
6295⁄
7478⁄
8639
18561⁄
18697

5044
6235
7513
8778.17
18473.11
18502.97
18826.45
19750.89
22237.46
22560.94
30399.93
30723.41
31677.71
32001.20
42991.34
46725.83

2.71
0.95
0.47
1.61
0.47
1.04

5024
6226
7515
8795
18453
18477
18796
19741
22248
22567
30368
30687
31656
31976
42938
46709

3.09
1.10
0.49
1.81
0.58
1.18

Average
RMSD

0.28
0.98

19743⁄
22152
22427
30564
30838
31725
43234

Present PES.
PES from Ref. [19].

0.04
0.39
0.60
0.54
0.37
0.15
0.56

0.01
0.43
0.62
0.64
0.49
0.22
0.68
0.35
1.11

4.2.2. Structural properties
As shown in Fig. 1, the nearly T-shaped He–N2O global minimum has a well depth of 62.27 cm–1, which is eight times larger
than that for the He–He pair (7.61 cm–1). Moreover, at the collinear
minimum and in the region connecting the two minima, this solvent–molecule interaction is still far stronger than the solvent–solvent interaction. As a result, the structures of small clusters will be
mainly determined by the He–N2O interactions. Only after the
strongly attractive regions are occupied will the He–He interaction
become signiﬁcant.
As has been observed for other families of He-solvated chromophores (e.g., HeN–OCS [59–61] and HeN–CO2 [27,33,62]), the
ﬁrst few He atoms form a ‘‘donut’’ structure, occupying equatorial
positions around the linear impurity molecule, due to the deep Tshaped He-molecule potential minimum. Once that ﬁrst ring of ﬁve
solvent atoms is ﬁlled, additional helium atoms start to form a second ring in the region near the terminal O atom of the N2O impurity, supported by the collinear minimum. This is clearly shown in
Fig. 2 by the distributions of the He atoms for N = 5–8. For N > 9, the
ring at the collinear minimum is fully occupied, and the additional
helium atoms start to build a ring about the N end of the molecule,
and then caps are added and the density ﬁlls in. As discussed below, ﬁlling the ﬁrst shell of helium atoms around the impurity molecule is a pre-requisite for superﬂuidity perpendicular to the
molecular axis. As shown in Fig. 2, the impurity molecule becomes
fully solvated near N = 18, and the second solvation shell starts to
form after that. The distributions go to zero at h = 0 and p due to
the angular normalization.
4.2.3. Energetics
The relative stability of the clusters can be characterized by the
chemical potential, which is deﬁned as

lðNÞ ¼ EðNÞ  EðN  1Þ;

ð23Þ

where E(N) is the energy of the HeN–N2O cluster. As shown in Fig. 3,
the chemical potential is large and negative for the ﬁrst few He
atoms, indicating a large energy drop occurs when each additional
He atom is added. An abrupt change occurs after the ﬁrst ‘‘donut
ring’’ is completed at N = 5. This can be understood by the fact that
additional helium atoms only have access to less strongly attractive
sites. The l(N) curve increases slightly from N = 6 to 8, as helium
atoms start to occupy the local minimal site at the oxygen side of
the impurity, while for larger N values l(N) increases gradually as
the helium atoms take positions in regions characterized by weaker
solute–solvent interactions.
4.2.4. Rotational dynamics and superﬂuidity
The effective rotational constant of the solvated impurity can be
computed using two approaches. In the conventional approach, it
is obtained by ﬁtting the rigid-rotor orientational correlation function directly to the PIMC data [26]. Alternatively, it can be computed using the two-ﬂuid model discussed in Section 3.3. In
Fig. 4, the calculated Beff values from both approaches are compared with experimental results for 4HeN–N2O of different sizes
[9,11]. Here, the calculated results are presented in the ﬁgure without error bars, since the statistical errors are very small, ranging
from 0.0005 cm1 (large clusters) to 0.0027 cm1 (small clusters).
The agreement between the calculated rotational constants and
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Fig. 2. Averaged distributions of helium atoms around N2O for N = 5–10 and 18–20. The angular weight factor (sin h) is included in the plots.

Fig. 3. Calculated chemical potential for HeN–N2O clusters for N = 1–26.

the measured ones is quite satisfactory. In particular, the calculated rotational constants reproduce the ﬁrst turnaround around
N = 6, as well as the second minimum at N = 16. It has previously
been suggested theoretically that the effective moment of inertia
could increase from N = 20 to 30, due to ‘‘a new channel of exchanges in the second solvation shell’’ [25]. However, in agreement
with the more recent experimental results [11], our theoretical re-

Fig. 4. Rotational constants obtained from ﬁtting to orientation correlation funtions
(red gradients) and from the two-ﬂuid model (blue triangles), and their comparison
with experimental results from Ref. [11](black solid circles). The corresponding
values from Boltzmann simulations (green squares) are included as a benchmark
for gauging the effect of bosonic exchange. (For interpretation of the references to
color in this ﬁgure legend, the reader is referred to the web version of this article.)

sults show no such increase. Furthermore, the agreement between
the PIMC predictions and the experimental results remain excellent for the larger clusters.

L. Wang et al. / Journal of Molecular Spectroscopy 267 (2011) 136–143

It can be seen from Fig. 4 that the agreement with the experimental data is much better for Beff values calculated using the correlation function results than for those obtained from the two-ﬂuid
model, for which the results are comparable to those yielded by the
earlier work of Xu et al. [9] The differences between the predictions
of the two PIMC-based methods could be taken as evidence that
the correlation function approach provides a more realistic representation of the rotational dynamics. This may be expected because the two-ﬂuid approach contains additional approximations
inherent to linear response theory.
The open square points in Fig. 4 correspond to PIMC correlationfunction results obtained while neglecting identical particle bosonic exchange. It is clear that the quantum results start to deviate
from this classical Boltzmann behavior for N > 6. This deviation of
the quantum Beff values from their classical counterparts clearly
suggests the emergence of superﬂuidity stemming from Bose identical-particle exchange. To further understand the superﬂuid response of the solvent, Fig. 5 shows plots of our calculations of
the superﬂuid fraction in directions parallel and perpendicular to
the N2O axis (see Eq. (19)). The parallel fraction increases rapidly
with N and reaches 100% for very small clusters. This implies that
for rotation parallel to the molecule axis, the normal moment of
inertia vanishes for cluster sizes with N > 6, which is conﬁrmed
by the lack of a Q-branch in ro-vibrational spectra of doped clusters
in this size range [2,9].
Fig. 5 also shows that the superﬂuid fraction perpendicular to
the molecule axis behaves quite differently. Here, our calculated
results may be compared with those extracted from experimental
determinations of the effective moments of inertia of doped clusters. For cluster sizes N = 4–6 both simulation and experiment exhibit a steeper negative slope. This is understandable, as the ﬁrst
few helium atoms increase the effective reduced mass of the rotor.
Near N = 5, an unambiguous turnaround occurs that suggests the
onset of a decoupling between the N2O rotation and the helium
dynamics. As N increases further, the superﬂuid fraction rises and
eventually approaches 100%. This picture is consistent with experimental results shown as solid round points in Fig. 5.
The turnaround shown in Fig. 4 can also be explained by the
two-ﬂuid model. In particular, the rise of perpendicular superﬂuid
fraction shown in Fig. 5 leads to a depletion of the normal moment
of inertia In? for N > 5. Consequently, the effective rotational constant of the chromophore stays at roughly the same level, as the

Fig. 5. 4He superﬂuid fractions of HeN–N2O clusters perpendicular (blue squares)
and parallel (red gradients) to the impurity z-axis. The experimentally derived
perpendicular fraction from Ref. [9](black solid circles) are also included for
comparison. (For interpretation of the references to color in this ﬁgure legend, the
reader is referred to the web version of this article.)
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superﬂuid helium atoms contribute negligibly to Beff. Fig. 4 shows
that the qualitative agreement between the rotational constants
calculated from ﬁtting orientational correlation functions and from
the two-ﬂuid model continues to hold for larger clusters, although
signiﬁcant quantitative differences are clearly evident.

4.2.5. Potential function dependence of superﬂuid behavior
It is interesting to compare the rotational dynamics of the
impurity in 4HeN–N2O and 4HeN–CO2 clusters. As was pointed out
earlier, the effective moments of inertia of these two impurity molecules are quite different in 4He clusters, despite the fact that the B
rotational constants are quite similar for the isolated molecules.
Interestingly, as shown in the inset panel of Fig. 6, the classical
Boltzmann rotational constants are quite similar for the two clusters, indicating that the difference in Beff behavior is due to quantum Bose exchange. In the upper panel of Fig. 6, the superﬂuid
fraction in the perpendicular direction is plotted for the two clusters as a function of N. It is clear that the transition from normal
ﬂuid to superﬂuid is swift and complete for the 4HeN–CO2 clusters
with N > 5, while that for the 4HeN–N2O clusters is much more
sluggish. As discussed in Section 3.3, a large superﬂuid fraction corresponds to a reduced classical contribution of helium atoms to the
effective moment of inertia, which explains the smaller Beff for the
4
HeN–CO2 clusters.

Fig. 6. Upper panel: comparison of the perpendicular superﬂuid fraction for the
HeN–CO2 (blue solid gradients) and HeN–N2O clusters (red solid circles). Results for
scaled (pink triangles), symmetrized (green diamonds), and isotropic (black open
squares) modiﬁcations to the He–N2O PES are also presented (see text for details).
The inset compares the classical Boltzmann moments of inertia of the two clusters.
Lower panel: angular cuts of the interaction potentials for: He–CO2 (blue long
dashed line); He–N2O (red solid-line); scaled He–N2O (pink dotted-line), and
symmetrized He–N2O (green short dashed-line). (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this
article.)
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The differences in the variation of Beff with N can be attributed to
differences in the interaction potential between He and the impurity. Here two factors are particularly important. First, the orientation-dependent potential function wells for the He–N2O complex
are about 20% deeper than those for the He–CO2 complex, as shown
in the lower panel of Fig. 6. A strong solvent–solute interaction generally inhibits solvent exchange, and thus also superﬂuidity. Indeed,
when the strength of the He–N2O potential is artiﬁcially scaled to
that of He–CO2 (purple dotted curve in lower panel), the perpendicular superﬂuid fraction increases signiﬁcantly (purple triangle
points in upper panel of Fig. 6). However, this increase does not account fully for the differences between the two cases.
Another important factor is the symmetry of the anisotropy of
the interaction potential, which is present for He–CO2 and absent
for He–N2O. In HeN–CO2, the population of helium atoms near both
ends of the impurity grows approximately symmetrically after the
donut ring is completed at N = 5. This effectively gives rise to a continuous density distribution around the impurity molecule which
facilitates the exchange of 4He atoms [31]. As indicated in Eq.
(19), the perpendicular superﬂuid fraction can be expressed as
the ratio between the area estimator projected on the direction
perpendicular to the impurity molecule axis and its classical counterpart. The area estimator is a sum of cross products between two
vectors (Eq. (20)) deﬁned from the impurity center of mass to two
different He atoms. As a result, the perpendicular superﬂuid fraction is dominated by the exchange of helium atoms in the continuous shell around the impurity, and for the normal direction the
corresponding area vector is perpendicular to the molecular axis.
This can also be understood phenomenologically by the argument
that the exchange of helium atoms at the two ends of the impurity
is equivalent to rotation of the impurity itself.
For the non-symmetric N2O, the distribution of helium atoms
immediately after the ﬁlling of the donut ring at N = 5 is asymmetric, and concentrates on the O-atom side of the central donut ring,
as shown in Fig. 2. This limits the possibility for the exchange of
helium atoms along the length of the N2O molecule. However, such
exchange becomes increasingly possible for N > 10, as both the O
and N sides of the central ring become populated with helium
atoms. The green diamond-shaped points in the upper panel of
Fig. 6 present values of the superﬂuid fraction calculated using a
hypothetical He–N2O potential function that has essentially the
correct overall anisotropy, but was artiﬁcially symmetrized
(V(h) = [V(h) + V(p  h)]/2; short-dash curve in the lower panel of
Fig. 6). It is clear that the enforced artiﬁcial symmetry boosts the
superﬂuid fraction values signiﬁcantly for clusters with N > 5, moving them closer to the HeN–CO2 results. The purple open-triangle
points in the upper panel of Fig. 6 were obtained from another
modiﬁed potential energy surface whose overall anisotropy
strength was damped to make it closer to that for He–CO2 (dotted
curve in the lower panel of Fig. 6). It clearly shows a further
enhancement in the superﬂuid fraction for larger (N > 5) clusters.
Finally, the open square points at the top of Fig. 6 show that a fully
isotropic potential with the same overall strength as that of the
T-shaped minimum of He–N2O yields a maximum superﬂuid
response regardless of clusters size. Since such a fully isotropic
potential has no angular dependence, no corresponding curve is
shown in the lower panel of Fig. 6.
The results shown in Fig. 6 conﬁrm that it is indeed the anisotropy of the interaction potential that causes the inertial drag of the
quantum solvent as far as the perpendicular superﬂuid response is
concerned. Although Moroni and coworkers [8,63] had discussed
the effect of anisotropy on the effective rotational constants, their
ground state simulations could not be used to assess the superﬂuid
response directly. The present analysis therefore complements
their ﬁndings by making the additional connection to the superﬂuid response.

5. Conclusions
This work reports an accurate new He–N2O dimer potential energy surface based on high-level ab initio calculations. A reduceddimension 2D analytic potential energy function was ﬁtted to
these results to provide a convenient ‘‘working potential’’ for use
in performing simulations. With this accurate potential energy surface, we have carried out ﬁnite temperature PIMC simulations of
the rotational dynamics of the N2O embedded in 4He clusters of
various sizes. The simulation results are in reasonably good agreement with known experimental data.
A detailed analysis of the superﬂuid response as a function of
cluster size has been performed. It is shown that the calculated
effective rotational constant deviates from the classical Boltzmann
limit around N5, which indicates the onset of superﬂuidity in the
cluster. This deviation results in a turnaround in the values of the
effective rotational constant as a function of N, as has been observed experimentally. This turnaround can also be attributed to
the rise of the perpendicular superﬂuid fraction of the helium
atoms, due apparently to Bose exchange. In addition, it is shown
that ﬁtting to simulation results for the orientational correlation
function gives better predictions of superﬂuid behavior (better
agreement with experiment) than does the two-ﬂuid method, particularly for larger clusters.
Finally, we have elucidated the difference in the nature of the
rotational dynamics between a symmetric (CO2) and asymmetric
(N2O) impurity in 4He clusters. It is shown that the difference in
renormalization of the rotational constants of the two helium solvated impurity molecules can be attributed to the anisotropy of the
He-impurity interaction potential, which resulted in different onsets of superﬂuid behavior perpendicular to the molecular axis.
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