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The recently introduced [Mol. Phys. 105, 663 (2007)] ‘Morse/long-range’ (or MLR) potential energy function is a
very flexible form which explicitly incorporates the theoretically predicted inverse-power-sum long-range tail, is
smooth and differentiable everywhere, and includes the well depth De , equilibrium distance re, and long-range
interaction coefficients Cm as explicit parameters. This form is being used increasingly commonly in directpotential-fit analyses of experimental data. The present work shows that the MLR form can readily
accommodate the inclusion of ‘damping functions’ in the description of the long-range potential tail, and that
inclusion of such terms leads to much more realistic short-range extrapolation behaviour. Illustrative applications
to the ground electronic states of MgH, Li2 and ArXe are presented.
Keywords: potential energy function; damping functions; MgH; Li2(X); ArXe

1. Introduction
It has long been understood that the most comprehensive, compact, and portable way of summarizing
what we know about a given molecular state is in terms
of an accurate analytic potential function. In recent
years the ‘potentiology’ of developing and testing new
and better potential function forms to serve this
purpose has earned considerable attention [1–27].
Criteria on which such functions may be judged
include: (i) flexibility – ability to provide very accurate
potentials, (ii) compactness of form and parameterization, (iii) whether they are explicitly defined in terms of
physically interesting parameters such as well depth De
and equilibrium distance re, (iv) ability to provide
robust and physically realistic extrapolation at long
and short distances, (v) incorporation of physically
correct inverse-power long-range behaviour, and (vi)
global analytic smoothness and differentiability.
On these grounds it is arguable that the generalized
Morse/Long-Range (MLR) potential function form of
[26] is the best and most generally useful potential
function form for single minimum potentials which has
been introduced to date. However, it too has shortcomings. One of these is the fact that to date
(neglecting inter-state coupling [26]), the long-range
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behaviour of MLR potentials has always been based
on a sum of simple inverse-power terms, and has
neglected the ‘damping’ of those terms due to the
electron distribution overlap which occurs as atoms
approach one another. The second is the fact that at
very short range MLR potentials are excessively (and
unphysically) steep, with a singularity as r ! 0 whose
order far exceeds the theoretically predicted r!1
‘united-atom limit’ behaviour. The present work
shows that these two independent shortcomings, one
associated with long-range and one with short-range
behaviour, are both addressed by the introduction of
suitably designed ‘damping functions’ for inclusion
with the inverse-power long-range terms.

2. Improving the Morse/long-range (MLR) potential
energy function form
2.1. The current MLR potential function form
The current version of the MLR potential energy
function form is [26]
!
"2
uLR ðrÞ
exp½!!ðrÞ & yeq
ðrÞ'
, ð1Þ
VMLR ðrÞ ¼ De 1 !
p
uLR ðre Þ
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in which De is the well depth, re is the equilibrium
internuclear distance, and the radial variable in the
exponent is
yeq
p ðrÞ (

rp ! re p
:
rp þ re p

ð2Þ

The exponent coefficient !(r) is defined so that
lim !ðrÞ ( !1 ¼ lnf2De =uLR ðre Þg,

r!1

ð3Þ

and as a result, the function uLR ðrÞ defines the longrange behaviour of the potential energy function
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VðrÞ ’ De ! uLR ðrÞ þ & & & ,

ð4Þ

while the denominator factor uLR ðre Þ is simply
the value of that long-range tail function evaluated at
the equilibrium bond length. In the most general
case, the exponent coefficient function
N
h
iX
i
ref
!ðrÞ ¼ !pq ðrÞ ( yref
ðrÞ!
þ
1
!
y
ðrÞ
!i ½ yref
1
p
p
q ðrÞ'
i¼0

ð5Þ

is defined in terms of two radial variables which are
similar to yeq
p ðrÞ, but are defined with respect to a
different expansion centre (rref), and involve two
different powers, p and q (the reasons for this structure
are discussed in [26]):
yref
p ðrÞ (

rp ! rref p
rp þ rref p

and

yref
q ðrÞ (

rq ! rref q
:
rq þ rref q

ð6Þ

In almost all1 previous work with the MLR
potential form, the long-range interaction has been
defined as a sum of simple inverse-power terms
uLR ðrÞ ¼

last
X
Cm

i

i¼1

rmi

:

ð7Þ

The limiting long-range behaviour of the exponential
term in Equation (1) means that the power p must be
greater than ðmlast ! m1 Þ if the long-range behaviour of
Equation (7) is to be maintained [24,26]. There is no
analogous formal constraint on the value of q; however, experience dictates that its value should lie in the
range 39q * p [26,27].
2.2. Shortcomings of the MLR potential
function form
Previous work with predecessors of the current MLR
potential form [17–19,22] had grappled with the
problem that on extrapolation to large or small
distances outside the range of the data used to
determine the potential, the values of the exponent

coefficient !(r) would often drop off sharply and
become very large and negative. This would cause the
potential to pass through a maximum and turn over
[22,28]. Up to that time the relevant potentials had
been defined in terms of the single radial variable yeq
p ðrÞ
of Equation (2) with p ¼ 1, and it was shown that
defining it in terms of powers p4 1 greatly reduced the
propensity for this turnover behaviour [22,28]. It was
also found that this turn-over behaviour could be
rigorously avoided by using two different polynomial
expansion orders in the analogue of Equation (5),
NS for distances r 5 re and NL for distances r + re ,
where NS 5 NL [22,29,30]. However, this latter step
introduced discontinuities into the high-order derivatives of the potential at the point r ¼ re where these
two polynomial segments met, and the ‘two-segment’
aspect of that approach was aesthetically untidy.
A much better solution to the problem of avoiding
inner-wall potential function turn-over was provided
by the introduction of expansion variables yref
p=q ðrÞ of
Equation (6) centred at a distance rref which is
somewhat larger than re. This removes (by fixing
NS ¼ NL ( N) the high-derivative discontinuities at
r ¼ re , and it also means that significantly fewer
exponent expansion coefficients !i are required to
give potential functions of a given accuracy (i.e. N can
be much smaller) [26]. However, two problems remain.
If we expand the square in Equation (1), the MLR
potential is seen to be a sum of a repulsive and an
attractive term:
!
#
$2
uLR ðrÞ
exp½!2 !ðrÞ yeq
VMLR ðrÞ ¼ De 1 þ
p ðrÞ'
uLR ðre Þ
"
%
&
uLR ðrÞ
exp ! !ðrÞ yeq
ðrÞ
:
ð8Þ
!2
p
uLR ðre Þ

ref
Since all three expansion variables yeq
p ðrÞ, yp ðrÞ and
ref
yq ðrÞ approach the value !1 as r ! 0, at small r the
exponential factor in the repulsive term in Equation (8)
approaches a value of exp½2!ð0Þ' with zero limiting
slope. This means that the limiting small-r behaviour
'
(of
2
the MLR potential is governed by the factor uLR ðrÞ ,
which at small r becomes proportional to the square of
the highest-order inverse-power term in Equation (7).
In other words, at very short distances

VMLR ðrÞ / 1=r2mlast :

ð9Þ

For a common case in which the long-range potential
is represented by the three leading dispersion energy
terms with m ¼ 6, 8 and 10, this means that the
potential energy function would have a singularity of
order 20 at r ¼ 0. This is physically wrong, since the
limiting short-range behaviour of any interatomic
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potential energy function is defined by the internuclear
repulsion term, Z1Z2 e2 =ð4p"0 rÞ which has a singularity
of order 1. This incipient high-order singularity of an
MLR potential presents no problem in the potential
well region in which it is most sensitive to the data used
to determine its parameters (i.e. its !i expansion
coefficients), since the radial behaviour of the empirically determined exponent coefficient function !(r)
will ensure that the potential function wall is wellbehaved there. However, in the short-range extrapolation region the repulsive wall of such an MLR
potential would be unphysically excessively steep.
This criticism applies to all MLR potential functions
reported to date.
As was mentioned in the introduction, a second
shortcoming of the MLR potential form which has
been used to date is the fact that its attractive longrange tail has been represented by the simple inversepower sum of Equation (7).1 This expression is only
valid at distances sufficiently large that overlap of the
electronic distributions on the interacting species is
truly negligible. For the ubiquitous dispersion energy
terms (for which m ¼ 6, 8, 10, . . .), it has long been
known that at moderate-to-small distances the
strengths of these terms drops off sharply from that
inverse-power behaviour [31]. This is a less serious
concern for an MLR function than it is for potential
function forms which attach a pure inverse-power tail
at some fixed distance [20,21], since the exponential
term in Equation (1) or (8) can effectively perform such
damping. However, it is still not an ideal situation.
Fortunately, addressing this second problem in an
appropriate manner will also resolve the first.

2.3. Damping functions
At internuclear distances which are sufficiently large
that overlap of the electron distributions on interacting
species can be neglected, perturbation theory shows
that long-range intermolecular interactions can be
represented by the type of inverse-power sum seen in
Equation (7) [32,33]. However, such simple inversepower sums are known to be asymptotic expansions
which diverge for all distances [31,34–36]. On the other
hand, the long-range perturbation energy may also be
written as a sum of ‘non-expanded’ interaction energies
(Tm) which reduce to the conventional ‘expanded’
inverse-power form (Cm / rm) if electron overlap is
neglected, and these non-expanded energies do yield
convergent sums for all r [31,34,35].2 For the case of
two ground-state H atoms, Figure 1 shows how the
actual ‘non-expanded’ energies diverge from simple
inverse-power behaviour (i.e. from linear behaviour on
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Figure 1. Comparison of ‘non-expanded’ and ‘expanded’
dispersion energies for the interaction of two ground-state H
atoms, as reported by Kreek and Meath [31].

this log/log plot) at small distances. Following the
seminal work of Kreek and Meath [31], it has become
customary to introduce ‘damping functions’
Dm ðrÞ ( Tm =ðCm =rm Þ, defined as the ratio of the nonexpanded to the expanded interaction energies, and
then to represent the corrected long-range (attractive)
interaction energy as
uLR ðrÞ ¼

last
X
i¼1

Dmi ðrÞ

Cmi
:
rmi

ð10Þ

To date, however, damping functions have not been
incorporated into the long-range behaviour of most of
the model potential function forms used in directpotential-fit data analysis.
The leading expanded (simple inverse-power terms)
and non-expanded dispersion energy terms for two
interacting ground-state H atoms reported by Kreek
and Meath yield the damping function values shown as
points in Figure 2 [31]. Since calculations of nonexpanded interaction energies have only been reported
for a limited number of few-electron systems, it has
become customary to assume that these H2 results
incorporate universal behaviour which may be scaled
radially for other molecular systems. As is seen in
Figures 1 and 2, at shorter distances electron overlap
has the effect of weakening the various terms relative
to the simple inverse-power behaviour. This is believed
to be generally true for the dispersion energy terms
which arise in second-order perturbation theory. We
therefore adopt the common approach of assuming
that the damping behaviour for all terms contributing
to Equation (10) may be mapped onto the behaviour
for ground-state H-atoms that was determined by
Kreek and Meath [31].
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Table 1. Results of fits to Kreek–Meath data [31] using
various damping function models. Numbers in parentheses
are 95% confidence limit uncertainties in the last digits
shown.

1.0
m= 6

Dm (r)

0.8
0.6

Tang–Toennies

m= 8

mDS(s = 0, −½, −1)
mTT(s = +1)
mTT(s = 0)
mTT(s = −1)

0.4

Damping functions
for ground-state
H atoms

0.2

m = 10

0.0
0

2

4

6

8

s
2
1
0

! 12
!1
!2

Douketis et al.

dd

btt

dd

bds

cds

0.0091
0.018
0.034
n/a
0.055
0.081

3.47(2)
3.13(3)
2.78(6)
n/a
2.44(8)
2.10(10)

0.0066
0.0064
0.0068
0.0073
0.0078
0.0094

4.99(12)
4.53(12)
3.95(12)
3.69(13)
3.30(14)
2.50(16)

0.34(1)
0.36(1)
0.39(1)
0.405(15)
0.423(16)
0.468(20)
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r /Å

Figure 2. Comparison of modified Tang–Toennies damping
functions (mTT) for s ¼ !1, 0 and 1 (broken curves) with the
modified Douketis et al. damping functions (mDS) for s ¼ 0,
! 12, and !1 (three superimposed solid curves), and with the
Kreek–Meath ab initio results (solid points).

A damping function form which has been fairly
widely used in recent years is one proposed by Tang
and Toennies [9]. Unfortunately (see below), it has
unphysical short-range behaviour which prevents it
from being used within an MLR potential. An alternate function proposed by Douketis et al. [37] has
better short-range behaviour, but is still not ideal. We
therefore generalize these functions to obtain two
families of ‘modified’ damping function forms. Our
generalized Douketis et al. [37] damping function is
ðrÞ
DDSðsÞ
m

#
# ds
$$mþs
b ðsÞ ð# rÞ cds ðsÞ ð#rÞ2
!
¼ 1 ! exp !
,
m
m1=2
ð11Þ

and our generalization of the Tang–Toennies [9]
damping function is
DTTðsÞ
ðrÞ ¼ 1 ! exp½!btt ðsÞ ð#rÞ'
m

m!1þs
X
k¼0

½btt ðsÞ ð#rÞ'k
:
k!
ð12Þ

The parameters b(s) and c(s) in Equations (11) and (12)
are system-independent constants determined by
optimizing the agreement with the ab initio m ¼ 6, 8
and 10 damping function behaviour of two groundstate hydrogen atoms (for which case # ( 1, see below)
that was determined by Kreek and Meath [31]. The
original versions of these functional forms corresponded to the cases s ¼ 0 for the Douketis et al. [37]
form and s ¼ 1 for the Tang–Toennies form [9].
Performing least squares fits of these two types of
damping functions to the ab initio dispersion energy

damping factor values for two ground-state H atoms
[31] for a range of values of ‘s’ yielded the results
presented in Table 1 and Figure 2, where dd is the rootmean-square deviations for a given fit. The fact that
the generalized Douketis-type functions yield higher
quality fits than do the generalized Tang–Toennies
forms is to be expected, since they are based on two
fitting parameters (bds ðsÞ and cds ðsÞ) rather than one
(btt ðsÞ). Although the quality of fit for the s ¼ 2
modified Tang–Toennies forms begins to approach
those for the modified Douketis-type functions3 (that
for s ¼ 3 is worse), it is not clear that this choice would
give the sort of realistic two-parameter van der Waals
potentials which have been obtained using the standard s ¼ 1 version of these functions [38,39]. In any
case, in view of the uncertainties associated with our
ad hoc extension of these damping function forms to
systems other than H–H, this difference in quality of fit
is probably not very physically significant. However, it
is clear that the s ¼ 1 case recommended by Tang and
Toennies [9] yields significantly worse agreement with
the ab initio results than do any of the generalized
Douketis-type functions or the generalized Tang–
Toennies function for s ¼ 2, and within the MLR
model, any damping function forms for which s 4 0
are physically unacceptable (see below).
Damping functions were originally devised to take
account of the weakening of the simple inverse-power
behaviour of dispersion energy terms which occurs
when the electron clouds on the the interacting species
overlap as the internuclear separation decreases. The
size of the electron clouds, and hence the distance at
which their overlap becomes ‘significant’, will of course
vary from species to species. This led Douketis et al.
[37] to introduce a system-dependent range parameter
which for interacting atoms A and B has the form
# ( #AB ¼ 2#A#B =ð#A þ #B Þ,

ð13Þ

Molecular Physics
H 2=3
in which #A ¼ ðIA
is defined in terms of the ratio
p =Ip Þ
of the ionization potential of the atom in question (IA
p)
).
This
is
a
physically
plausible
to that of an H atom (IH
p
parameterization which is very convenient to use, since
accurate IA
p values are readily available for all atomic
species. Hence, it is adopted here.
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2.4. Short-range behaviour
The nature of our generalized definitions of the
two families of damping functions means that at
very small r
'
(
m
lim DðsÞ
/ rs
ð14Þ
m ðrÞ=r
r!0

for all values of m and s. The results of Kreek and
Meath presented in Figure 1 show that while the
damping functions die off at small internuclear distance (see Figure 2), the actual non-expanded interaction energies (damped dispersion energies)
monotonically increase in magnitude and approach
finite limiting values as r ! 0. This implies that the
physically most appropriate damping function models
are those with s ¼ 0. This is the reason that the shortrange behaviour of the conventional s ¼ 1 Tang–
Toennies model was referred to above as being
‘unphysical’. If the overall potential function model
consists of a simple sum of damped dispersion terms
plus a short-range repulsion term, this s ¼ 1 limiting
behaviour presents no practical problem, since the
essential requirement of preventing the attractive
inverse-power terms from becoming infinite as r ! 0
is still achieved. However when the attractive longrange tail of the potential appears as a multiplicative
factor rather than an additive term, as in the case of the
MLR potential, other concerns arise.
In the MLR potential function model, the damping
functions serve two purposes. The first addresses the
usual objective of providing a physically more correct
representation of the behaviour of the various longrange terms as the atoms approach one another. The
second is associated with the the concern raised in
Section 2.2, that if uLR ðrÞ is defined by a sum of simple
inverse-power terms, the very short-range behaviour of
an MLR potential would be defined by Equation (9).
However, Equation (14) shows that if one of
our generalized damping functions is used in
Equation (10), then at very small distances
)
*
'
(2
uLR ðrÞ 2
exp½2!ð0Þ' / uLR ðrÞ / r2s :
VMLR ðrÞ ’ De
uLR ðre Þ
ð15Þ
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As was mentioned above, the conventional Tang–
Toennies damping function corresponds to the case
s ¼ þ1 [9]. This case, and indeed any damping functions corresponding to any positive value of s, would
be completely unacceptable within the MLR form,
since Equation (15) indicates that at very small r the
repulsive potential wall would turn over and approach
zero as r ! 0. The present work therefore only
considers damping functions corresponding to s * 0.
Note that in our generalized Tang–Toennies damping
function form s must be an integer, while in the
generalized Douketis-type form it may have integer or
non-integer values.
The conventional Douketis et al. [37] damping
function corresponds to Equation (11) with s ¼ 0.
This is physically acceptable for either an MLR
potential or a potential form in which the long-range
terms provide a simple additive contribution to the
overall interaction. However, setting s ¼ ! 12 means
that as r ! 0, VMLR ðrÞ / 1=r. As this is the limiting
Coulomb repulsion behaviour expected of all atom–
atom interactions at very short distances, this choice
would seem to yield a fortuitous advantage of using
this particular damping function form within the
MLR model.
It is well known that in the limit of very small
interatomic distances, all interatomic potential energy
functions take on the ‘united atom’ (UA) form [40–44]
VUA ðrÞ ’

ZA ZB Cpp
el
1
þ EAB
ðrÞ ! EAel ! EBel ,
r

ð16Þ

in which ZA and ZB are the atomic numbers
of
the
interacting
atoms
A
and
B,
!1
2
Cpp
¼
e
=4p"
¼
116140:97
cm
Å
is
the
coefficient
0
1
for the Coulomb repulsion of two protons, EAel and EBel
are the total electronic energies of isolated atoms A and
el
ðrÞ is the electronic energy of the united
B, and EAB
atom with atomic number ZA þ ZB which is being
formed as the two nuclei approach one another.
Examination of Equations (1), (5), (10) and (11) for
the case s ¼ ! 12 shows that at very small r (i.e. as
all yp ðrÞ !! 1),
VMLR ðrÞ
!!

h
i2
,mi !12 o.
P n + ds
De exp½!ð0Þ' last
C
b
#=m
ðr
Þ
u
m
i
LR
e
i
i¼1

Csr
( 1:
r

r

ð17Þ

As a result, an MLR potential defined using modified
Douketis et al. damping functions for which s ¼ ! 12
would automatically take on the limiting very shortrange behaviour of Equation (16) if the empirically
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determined exponent coefficient function of Equation
(5) had the limiting value
8
9
< %Z Z Cpp =D &1=2 u ðr Þ =
1 2
e
LR e
o : ð18Þ
!UA ðr ¼ 0Þ ¼ ln P n 1
: last C ðbds #=m Þmi !12 ;
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i¼1

mi

i

However, the limiting behaviour of Equation (16) will
only be achieved quantitatively at internuclear distances smaller than the radii of the innermost atomic
electrons, and it appears (see below) inconvenient to
attempt to impose this constraint in practical
applications.
In any case, introduction of any damping function
form whose very short-range behaviour is characterized by Equation (14) for a small non-positive value of
s both will improve the description of the long-range
behaviour, and will prevent the short-range repulsive
wall of an MLR potential from taking on the excessively steep unphysical behaviour of Equation (9).

3. Illustrative applications
3.1. Application to MgHðX 2 Rþ Þ

A recent study reported a comprehensive analysis of
7453 high-resolution electronic, infrared and microwave data for the ground X 2 !þ state of MgH,
spanning 99.87% of the potential energy well, which
were fully explained by a ‘basic’ MLR potential energy
function with an 18th-order (19-parameter) exponent
coefficient function !(r) [45]. In the present work this
same data set has been reanalysed using, first-of-all,
the extended MLR model of [26] with no damping
functions in uLR ðrÞ, and secondly, using that same
extended model with various versions of the generalized damping functions of Equations (11) and (12).
The first column of Table 2 presents the parameters of
the ‘basic’ MLR model potential of [24,45],4 while the
second column shows the results obtained from a fit to
the same data set which was performed using the
extended MLR model of [26] which introduced the
shifted expansion centre rref 4 re and allows p 6¼ q.
The fact that a fit of the same quality is obtained with
4 fewer expansion parameters, and that all of the
expansion coefficients have sensible magnitudes of
530 illustrates the advantages of this extended model.
The third column of Table 2 then lists the parameters yielded by a fit to this same MgH data set using
an extended MLR model which also included damping
functions in the definition of the long-range tail
function uLR ðrÞ. As is indicated there, this model
achieves essentially the same quality of fit (as measured
by the dimensionless root-mean-square deviation dd)
and requires even fewer expansion parameters than did

the ‘extended’-model potential which did not include
long-range damping functions. The results in column 3
were obtained using modified Douketis-type damping
functions corresponding to s ¼ !1, but results of
equivalent quality are obtained using Douketis-type
damping functions for s ¼ 0 or ! 12 or using Tang–
Toennies-type damping functions corresponding to
s ¼ 0 or !1.
One reason for introducing damping functions into
the MLR model was to cause the resulting potential to
have more sensible short-range extrapolation behaviour. To examine this question, Figure 3 plots the
short-range repulsive walls of potential energy functions for MgH obtained either using no damping
functions, or using one of five models mentioned
above. For all of these cases the potential functions are
essentially identical in the potential well region
spanned by the data used to define these potentials
(i.e. at negative energies, not shown). However, they
clearly have very different short-range extrapolation
behaviour. In particular, as predicted by Equation (9),
when no damping functions are included in the
definition of uLR ðrÞ the short-range repulsive wall is
extremely steep, with (for this case) a limiting shortrange r!20 behaviour. In contrast, use of damping
function models corresponding to various values of s
leads to the limiting short-range behaviour predicted
by Equation (15).
To provide an objective test of the short-range
extrapolation behaviour yielded by these different
models, ab initio calculations at the multiconfiguration
self-consistent field (MCSCF) level [46,47] and high
quality multi-reference averaged quadratic coupledcluster (MR-AQCC) calculations [48] that include
dynamic electron correlation effects and size-extensive
modifications, were used to generate the interaction
energy values shown, respectively, as solid-round and
open-square points on Figure 3. Large core-valence
basis sets cc-pCV5Z [49] with all electrons correlated
were employed, and all of these ab initio calculations
were performed using the MOLPRO package [50].
In addition, the limiting very-short-range united-atomlimit behaviour implied by Equation (16) is shown in
Figure 3 as a dotted line with a slope (on this log/log
plot) of !1. The ideal potential function extrapolation
behaviour would be to have an s ¼ ! 12 potential curve
tangentially approaching this dotted line from below as
r ! 0. However, the only model with the correct
limiting short-range functional behaviour (modifiedDouketis-type damping with s ¼ ! 12) has an effective
C1sr coefficient which is an order of magnitude smaller
than the limiting theoretical value of 12Cpp
1 . On the
other hand, the short-range repulsive wall obtained
when using the modified Douketis-type damping
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Table 2. Parameters defining three MLR potential models determined for the X 2!þ state of MgH, and one determined for the
X 1 !þ
g state of Li2. The quantity dd is the dimensionless root-mean-square deviation for the data analysis fit. Numbers in
parentheses are 95% confidence limit uncertainties in the last digits shown.
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MgH(X 2!þ)}

Li2 ðX 1 !þ
gÞ

Model

‘Basic’ MLRa,b

No dampingb

With dampingb,c

With dampingd

De =cm!1
re/Å
C6/cm!1 Å6
C8/cm!1 Å8
C10/cm!1 Å10
Damping
#
{p, q}
rref/Å
!0
!1
!2
!3
!4
!5
!6
!7
!8
!9
!10
!11
!12
!13
!14
!15
!16
!17
!18
dd

11104.70 (5)
1.729684 (2)
2.793 , 105
3.475 , 106
–
None
n/a
{4, 4}
re
!2.33868946
!0.77492121
!1.205737
!0.588667
!0.82808
!0.70793
!0.8799
3.5388077 , 103
!6.4267393 , 104
5.5105233 , 105
!2.88176326 , 106
1.01119112 , 107
!2.4862471 , 107
4.356976 , 107
!5.431477 , 107
4.7147 , 107
!2.712 , 107
9.3 , 106
!1.44 , 106
0.755

11104.71 (3)
1.729685 (2)
2.7755 , 105
3.4549 , 106
4.614 , 107
None
n/a
{5, 4}
2.27
!2.49358518
0.0478255
0.6072206
2.285738
3.294444
4.34585
3.86759
2.3773
!2.8646
!5.518
7.850
22.836
1.23
!27.8
!17.6

11104.26 (8)
1.7296850 (1)
2.7755 , 105
3.4549 , 106
4.614 , 107
DS(s ¼ !1)
0.810
{5, 4}
2.73
1.15466294
1.040803
2.6614613
2.548605
0.82066
0.27288
0.8841
!2.2375
!8.2069
!6.666
2.836
6.74
2.72

8516.708 (4)
2.672992 (2)
[6.71527 , 106]
[1.12588 , 108]
[2.78604 , 109]
DS(s ¼ !1)
0.540
{5, 3}
4.07
0.13905144
!1.431068
!1.501106
!0.65906
0.32995
1.02588
1.2058
1.1927
3.014
6.568
0.844
!11.28
2.41
26.4
6.3
!23.5
!14.0

0.756

0.757

1.0044

Notes: aThe MLR potential function model of [45] for which the exponent polynomial order was N ¼ NS ¼ 6 for r 5 re and
N ¼ NL ¼ 18 for r + re.4
b
The centrifugal Born–Oppenheimer breakdown (BOB) radial strength function had two more terms than were used in [45].4
c
To complete the description of this (recommended) model, the dimensionless centrifugal BOB correction parameters are
H
(with pna¼3): tH
0 ! t8 ¼ 0:0, 0.0009636, 0.0002, 0.00199, 0.0033, !0.0131, 0.0046, 0.117, and !0.121, while "-doubling radial
strength parameters were fixed at the values given in [45].
d
1 þ
The BOB parameters for the X 1 !þ
g state and all of the parameters for the A !u state were held fixed at the values reported
in [26].

functions with s ¼ !1 is clearly in quite good agreement with the ab initio results over most of the range
considered in Figure 3.

3.2. Application to Li2 ðX 1 DY
g Þ

A recent study reported a comprehensive analysis of
1 þ
17,477 data for the X 1 !þ
g and A !u states of Li2
which were fitted to ‘extended’ (i.e. with rref 4 re and
q 5 p) MLR potential energy functions with a 16thorder exponent coefficient function for each state [26].
That analysis has now been repeated while including

damping functions in the definition of uLR ðrÞ for the
X 1 !þ
g state. This yielded the revised parameter set
shown in the last column of Table 2 and the shortrange extrapolation results shown in Figure 4. In this
case, the exponent polynomial order is the same as that
for the published undamped model, but the quality of
fit is very slightly better (dd ¼ 1:0044 versus 1.0059).
For this system, the uLR ðrÞ model for the A 1 !þ
u state is
defined in terms of a 2 , 2 diagonalization [26], and
both the A-state potential and the Born–Oppenheimer
breakdown (BOB) function models for both states
were left unchanged. The value of the damping rangescaling parameter for this species is # ¼ 0.540.
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Figure 3. Comparison of short-range extrapolation behaviour of MLR potentials for ground-state MgH which
incorporate different types of damping behaviour. All
potentials (in units cm!1) came from fits of equal quality to
discrete spectroscopic data which span essentially the whole
potential well region: 1:39r95:6 Å. The points were generated from ab initio calculations (see text).

1010
+

Li 2 (X1 Σ g )

109
108
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Figure 4. Comparison of short-range extrapolation behaviour of MLR potentials for ground-state Li2 which incorporate different types of damping behaviour. All potentials (in
units cm!1) came from fits of equal quality to discrete
spectroscopic data which span essentially the whole potential
well region: 1:829r912:52 Å. The points were generated
from ab initio calculations (see text).

Figure 4 compares the short-range extrapolation
behaviour of the published MLR potential for this
state (green dash-dot-dot curve) with those for potentials obtained from equivalent-quality fits to the same
data set which used potentials incorporating the five
indicated types of damping-functions in the definition

of uLR ðrÞ (solid and dashed curves). As in Figure 3, the
dotted line shows the limiting short-range behaviour
predicted by Equation (16), while the open and solid
point were obtained from ab initio calculations
performed at the MCSCF level with cc-pV5Z and
cc-pVQZ [51] basis sets for two lithium atoms.5 As in
Figure 3, those ab initio results approach the dotted
line from below as r ! 0. As for MgH, the limiting
short-range behaviour of the potential incorporating
s ¼ ! 12 modified-Douketis-type damping corresponds
to an effective limiting C1sr coefficient which is an order
of magnitude smaller than the limiting theoretical
value of (for this case) 9 Cpp
1 . For this system, it appears
that use of the s ¼ !1 modified-Tang–Toennies damping function gives a potential which most closely agrees
with the ab initio results in the short-range extrapolation region.

3.3. Application to ArXeðX 1 DY Þ
A very recent study of the the X 1 !þ state of ArXe
reported the determination of an MLR potential
function incorporating the s ¼ !1 version of the
modified Douketis-type damping function of
Equation (11) [52]. The data set used therein consisted
of microwave data for the v ¼ 0 levels of five zeronuclear-spin isotopologues, high resolution VUV emission into vibrational levels v ¼ 0 and 1 of Ar132Xe and
Ar136Xe, and interaction virial coefficients for temperatures ranging from 173 to 695 K. While the turning
points of the spectroscopically observed levels only
span the range 3:89r94:6 Å, the virial coefficients are
sensitive both to the whole potential well and to the
potential wall up to energies of at least 500 cm!1. Since
the nature of the bonding in this system is completely
different than that for the ground states of MgH and
Li2, it seems useful to present comparative results for
this case too.
The recommended potential energy function for
this system determined in [52] was an MLR function
with two fitted !i coefficients whose long-range tail
uLR ðrÞ was defined by three inverse-power terms (with
m ¼ 6, 8 and 10) and the s ¼ !1 modified Douketistype damping functions of Equation (11) with
# ¼ 1:007. The short-range repulsive wall of this
recommended potential is shown as the solid red
curve in Figure 5, while the repulsive walls of five
analogously-determined potentials incorporating other
types of long-range damping behaviour (solid and
dashed curves) or no damping functions (dash-dot-dot
curve) are shown there too. As with the other systems
considered above, these six potential functions
are essentially indistinguishable in the well
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r/Å

Figure 5. Comparison of short-range extrapolation behaviour of MLR potentials for ground-state ArXe which
incorporate different types of damping behaviour. All
potentials (in units cm!1) came from fits of equal quality to
discrete spectroscopic data which span the region
3:89r94:6 Å and interaction virial coefficients for
T ¼ 173–695 K which are sensitive both to the whole potential well and to the short-range repulsive wall up to energies
-500 cm!1. The points were generated from ab initio
calculations (see text).

(negative energy) region. However, to obtain an equivalent representation of the experimental data using a
potential function with no damping functions included
in uLR ðrÞ required one more exponent expansion
coefficient (!2) than did the models which included
damping.
The ab initio calculations for this system were
performed using single- and double-excitation coupledcluster theory with a noniterative perturbation
treatment of triple excitations [CCSD(T)] [53,54]. The
basis set used for Ar was aug-cc-pVQZ [55] and that
for Xe was the contracted aug-cc-pVQZ basis set, and
relativistic 28-core-electron ECP28MDF pseudopotentials were employed for Xe [56].
The pattern of the various curves shown in Figure 5
is qualitatively the same as those for MgH and Li2.
While the function utilizing modified Douketis-type
damping for s ¼ ! 12 again approaches the theoretically
predicted limiting slope of !1, the effective coefficient
C1sr is again more than an order of magnitude smaller
than that associated with the limiting behaviour
predicted by Equation (15). As for MgH, use of the
s ¼ !1 Douketis-type damping functions yielded the
best agreement with the ab initio results.

4. Discussion and conclusions
All previous work with MLR model potential energy
functions has been based on long-range tail functions
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uLR ðrÞ which ignored damping, and were comprised of
pure inverse-power terms.1 However, the present work
shows that the MLR form can readily accommodate
any damping function form for which the limiting
short-range power in Equation (14) corresponds to
s * 0. The present work also provides improved models
for the potential energy functions for ground electronic
states of MgH and Li2.
It would be nice if there were an unambiguous
choice for the optimum type of damping function, but
the results of Figures 3–5 suggest that the situation is
not entirely clear. However, in view the excellent
agreement with the benchmark H2 results shown in
Table 1 and Figure 2, and the reasonably good
agreement with the ab initio
results seen in
Figures 3–5, we are inclined to recommend the
s ¼ !1 modified Douketis-type function of Equation
(11) for preferential use within the MLR potential
function form. At the same time the results in
Figures 3–5 show that even at supra-thermal collision
energies of up to 104 cm!1, the extrapolated repulsive
potential-function walls yielded by all five of the
damping function models considered here are
essentially equivalent.
In contrast with the above, when no damping is
incorporated into the long-range tail function in the
MLR form, the resulting fitted MLR potentials (dashdot-dot curves in Figures 3–5) have unphysically steep
repulsive walls which cross above the predicted limiting
behaviour (the dotted lines in Figures 3–5) at relatively
large distances. This also affects the compactness of the
resulting representation of the potential energy function. In particular, Table 2 shows (cf. columns 3 and 4)
that inclusion of damping allowed us to obtain a good
description of the MgH data which required two fewer
fitting parameters than did an otherwise-equivalent fit
using a model with no damping functions. Similarly,
when damping functions are omitted from the model
potential used in the ArXe data analysis, three rather
than two exponent coefficients are required to give a
fully satisfactory fit. For the case of Li2, the exponent
polynomial order required to give a fully satisfactory
fit remained the same when damping functions are
used, but the quality of the resulting fit improved
slightly relative to that for the published undamped
potential (dd ¼ 1:004 here versus 1.006 in [26]).
The reason that a higher-order exponent polynomial tends to be required when damping functions are
not included in the definition of the MLR long-range
tail function uLR ðrÞ is shown by the upper panel of
Figure 6. We see there that when no damping functions
are used (dashed curves), the exponent coefficient
function !(r) must drop off sharply at small distances
to counter the incipient high-order singular behaviour

444

R.J. Le Roy et al.
MgH with mDS damping
2
Li 2 with mDS damping
ArXe with mDS damping

β (r)

0

ArXe no damping
MgH no damping

–2
Li2 no damping
–4

–6

Li2 data region

0.0
V(r)/De

Downloaded By: [Canadian Research Knowledge Network] At: 01:40 15 February 2011

MgH data region

Li 2
MgH

–0.5

ArXe

–1.0
0

1

2

3

4

r/re

Figure 6. Lower panel: reduced potential energy functions for ground-state MgH, Li2 and ArXe, plotted versus relative distance
r=re . Upper panel: exponent coefficient functions !(r) determined from direct potential fits using MLR model potentials with
(solid curves) and without (dashed curves) inclusion of damping functions in uLR ðrÞ. For MgH and Li2 the three solid curves at
short range correspond to (from top to bottom) s ¼ 0, ! 12, and !1, while for ArXe the curves for these three cases are
indistinguishable across the whole range.

of Equation (9). The fact that no such abrupt steep
drop-off is required when damping functions are used
(solid curves in the upper panel of Figure 6) indicates
why fewer !(r) expansion coefficients will often be
required when long-range damping is incorporated
into the MLR potential function form.
From a purely theoretical point of view, an ideal
family of damping functions would be one for which
s ¼ ! 12 and the limiting value of the exponent coefficient function as r ! 0 was very near the value of
!UA ðr ¼ 0Þ defined by Equation (18), as this would
mean that V(r) incorporated the limiting united-atomlimit behaviour of Equation (16). However, for all of
the cases considered here the empirically determined
limiting coefficient C1sr was an order of magnitude
smaller than the theoretically predicted limiting value
of ZA ZB Cpp
1 . It is is tempting to think of imposing a
second limiting constraint on the exponent coefficient

function !(r) to require it to achieve the limiting value
!UA ðr ¼ 0Þ as r ! 0. However, in terms of the exponent
coefficient plots of Figure 6, this would require all of
the solid !(r) curves in the upper panel of Figure 6 to
rise abruptly by 1–2 units in the narrow interval
between the inner end of the data-sensitive region and
r ¼ 0. This could not be achieved readily without
substantially increasing the order of the exponentcoefficient polynomial of Equation (5). Thus, we
decided to forgo attempting to incorporate the theoretically predicted limiting behaviour of Equation (16)
into the MLR potential function form. This is not
a serious loss in any practical sense, since
Born–Oppenheimer breakdown would require the
electrons and nuclei to be treated on an equal
basis at interaction energies far below those where
Equation (16) could be expected to become valid.
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In conclusion, we see that inclusion of damping
functions in the form of the long-range tail term uLR ðrÞ
in the MLR potential function form has three effects:
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. it provides a more physically correct description of the long-range potential tail,
. it provides a more physically realistic description of the extrapolated short-range repulsive
potential function wall, and
. the resulting potential function model will
often be more compact, requiring fewer
parameters to achieve a given quality of
agreement with experimental data than
would otherwise be necessary.
The only other families of potential function forms
which have been shown to have sufficient flexibility to
be equally capable of representing extensive, highresolution spectroscopic data sets are the ‘splinepointwise’ potential (SPP) form developed by Pashov
and co-workers [20,57,58] and the polynomial-type
potentials developed by the Hannover group
[21,59,60]. However, use of those forms always requires
a substantially larger number of fitting parameters
[24,61], and those forms lack the global analytic
smoothness and differentiability of the present MLR
functions; moreover, their short- and long-range
extrapolation behaviour has to be imposed in an
ad hoc manner.
The most significant remaining shortcoming of the
MLR potential energy function form is the fact that it
has not been shown to be capable of treating species
with double-minimum or ‘shelf’ potentials accurately,
while the SPP form developed by Pashov and
co-workers can readily treat such cases [20,57,58].
However, work in progress suggests that this shortcoming may be remedied by merging features of the
MLR and SPP potential forms [62].
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Notes
1. The one exception is the treatment of the A 1 !þ
u state of
Li2 in [26], for which uLR ðrÞ is determined by diagonalizing a matrix of simple inverse-power terms associated
with two coupled states.
2. The terminology ‘expanded’ versus ‘non-expanded’
reflects the fact that the derivation of Equation (7) is
based on the assumption that the Coulomb interaction
between the electrons of one atom and the electrons and
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nucleus of the other could be expanded in terms of
inverse powers of the internuclear separation.
3. On the scale of Figure 2, most of the curves corresponding to modified Tang–Toennies damping functions for
s ¼ 2 are indistinguishable from the curves for the three
sets of modified Douketis-type functions. However, the
modified Tang–Toennies functions for s ¼ 3 give a
distinctly worse fit for which dd ¼ 0:014.
4. The parameter values shown here differ slightly from
those reported in [45] because it was later found that
additional terms should have been included in the
expression
describing
the
centrifugal
Born–
Oppenheimer breakdown radial strength function, and
that extended model is used here.
5. It is necessary to use different basis sets for the two
atoms in order to avoid linear correlation of the basis
sets at very short range.
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