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ABSTRACT: Raman vibrational shifts of small parahydrogen (pH2),
orthodeuterium (oD2), and paratritium (pT2) clusters with respect to the
free molecules are calculated by combining a ﬁrst order perturbation
theory approach with Langevin equation Path Integral Ground State
(LePIGS) simulations [J. Phys. Chem. A 2013, 117, 7461]. Our
theoretical predictions are compared to existing cryogenic free jet
expansion results for pure (pH2)N clusters [Phys. Rev. Lett. 2004, 92,
223401] and to new measurements for (oD2)N clusters reported here.
This method has been successfully used before to predict the Raman
vibrational shifts of (pH2)N clusters [J. Chem. Phys. 2014, 141, 014310].
The 6-D interaction potential of Hinde [J. Chem. Phys. 2008, 128,
154308] is reduced to 1-D using the Adiabatic Hindered Rotor
approximation to yield eﬀective pair potentials for both molecules being in the ground vibrational state, and for one of them
carrying one quantum of vibrational excitation. These reduced 1-D potentials are ﬁtted to a Morse Long Range analytic form for
later convenience. Good agreement between experiment and theory is found for the smaller clusters, but signiﬁcant deviations
remain for the larger ones.

1. INTRODUCTION
The study of hydrogen clusters has been the subject of much
research in both theory and experiment, a key reason being that
superﬂuid properties of parahydrogen have been observed at
low temperatures.1,2 In 1972, Ginzburg and Sobyanin3 started
the discussion, suggesting that pH2 may be a superﬂuid and
proposed several ways to observe it. The next major theoretical
breakthrough was in 1991, as Sindzingre et al.4 calculated the
superﬂuid fractions of pH2 clusters using the Path Integral
Monte Carlo (PIMC) method and observed that, below 2 K,
(pH2)13 and (pH2)18 were superﬂuid, but (pH2)33 remained
nonsuperﬂuid. Despite supercooling liquid hydrogen to
temperatures as low as 5.0 K, experimentalists were unable to
observe superﬂuidity experimentally,5−8 until Grebenev et al.9
in 2000 provided the ﬁrst experimental evidence. They
measured the IR spectra of OCS(pH2)14,15,16 embedded in
mixed 3He/4He droplets and observed that the Q-branch was
not present when reducing the temperature from 0.38 K to 0.15
K. This indicated that the contribution of the pH2 to the
moment of inertia of the OCS molecule decreased to zero,
which is representative of superﬂuidity since the OCS molecule
was able to freely rotate within the parahydrogen cluster. Since
then, many theoretical studies have looked at the superﬂuidity
of parahydrogen clusters around diﬀerent dopant molecules.10−14 Joint experimental and theoretical work has recently
allowed the ﬁrst measurement of the so-called superﬂuid
fraction of parahydrogen clusters.15,16 In addition to this, the
© XXXX American Chemical Society

solid-like or liquid-like nature of parahydrogen at low
temperatures, including the zero temperature limit, has been
extensively studied,17−26 and discrepancies in the shape of the
theoretically calculated ground state chemical potential have
been discovered. Despite experimental challenges, in 2004
Tejeda et al.27 produced small, pure parahydrogen clusters
resolved in space and time using cryogenic free-jet expansions
and measured the Raman vibrational spectra of sizes N = 2−8,
13, and 33. They also provided a theoretical method based on
ﬁrst order perturbation theory (PT) for calculating the Raman
vibrational shift for a cluster of N identical particles using the
pair distribution function, PN(R), and the “diﬀerence potential”,
ΔV(R), deﬁned as the diﬀerence between the potential energy
surface when the system has one quantum of vibration and the
potential energy surface when the system has zero quantum of
vibration,
ΔνN = (N − 1)

∫0

∞

ΔV (R )PN (R )dR

(1)
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diagonalization and the simulation methods, we also ﬁt these
potentials to an analytic Morse Long Range (MLR)34,35
functional form denoted H1-MLR. Describing our potentials
with Morse Long Range functional forms is not only useful due
to their compactness, but also convenient for simulations, since
they have analytic derivatives.
The remainder of this paper is organized as follows:
Theoretical and methodological details are described in section
2, experimental vibrational shifts and their theoretical
predictions are presented and discussed in section 3, and we
close with some concluding remarks and future direction in
section 4.

Using this formula, Diﬀusion Monte Carlo (DMC) calculations
using the Buck interaction potential (B-P) were used to
generate the ground state PN(R). Using the experimental
spectra from N = 2−8, the ΔV(R) was empirically ﬁt to a
Lennard-Jones form to reproduce the vibrational frequency
shifts measured in that range and then predict the shifts for N =
13 and 33 with good agreement.
In 2014, Faruk and co-workers28 calculated the Raman
vibrational shifts of (pH2)N clusters using the expression above.
A crucial diﬀerence was, however, that the ΔV(R) was obtained
from ﬁrst-principles rather than an empirical ﬁt to experiment
as in ref 27. This meant that vibrational shifts could actually be
predicted without resorting to prior experimental knowledge.
Ground state quantum molecular dynamics simulations were
performed using the Langevin equation Path Integral Ground
State (LePIGS) method26,29 to generate the ground state PN(R)
distributions. For these simulations, the 6-D Hinde potential
(H6-PES),30 a mostly ab initio potential, was reduced to 1-D
both in the ground vibrational state (H1-P) and with one
vibrational quantum using the Adiabatic Hindered Rotor
(AHR) approximation.31 The vibrational shifts were also
calculated from simulations using the B-P32 and the SilveraGoldmann (SG-P)33 potentials, both empirically based
functions. Comparisons with experimental data showed that
the 1-D version of the H1-P potential outperforms the
empirically based potentials for small cluster sizes (N = 2−8,
13), though the Buck potential appears to give better results for
the last experimental point at cluster size N ≃ 33. Most
importantly, the shifts of ref 28 were predicted independently
from experiment, a key diﬀerence from the work of ref 27.
In the present work, the H6-PES is reduced to 1-D ground
state pair potentials, H1-P, for the other two isotopologues,
oD2 and pT2, using the AHR approximation31 and appropriate
internal vibrational averaging. The H1-Ps, in pairwise form, are
used to calculate the Raman vibrational shifts using the LePIGS
method plus the perturbation theory approach described above.
We report new experimental values of the Raman vibrational
shifts of small (oD2)N clusters for N = 2−6, 9−11. The
predicted Raman vibrational shifts for (oD2)N clusters are
compared to the new experimental results, while for (pH2)N
clusters they are compared to earlier experimental results.27
The shifts predicted here using our H1-Ps are also compared to
those calculated using the distribution obtained from the
empirically based, isotope-independent B-P.
It is important to note that our (pH2)N shifts calculated here
are improved with respect to previous work.28 We use a denser
mesh for our diﬀerence potential, and our path integral
simulations are performed at smaller imaginary time step
values; however, we only notice minor diﬀerences in the third
decimal place between the values reported previously, so they
are still valid. A larger basis set is used here for the dimer and
trimer calculations. Another new aspect is the quantiﬁcation of
the error associated with the AHR approximation and the error
originating from ﬁrst-order perturbation theory. We also
introduce a way to scale our results to account for these
errors. New results reported here include Raman shifts
calculated: (i) from simulation for the dimer and trimer, (ii)
using the PN(R) obtained from direct diagonalization as
opposed to simulation for the dimer, and (iii) using direct
diagonalization and second-order perturbation theory (PT-2)
for the dimer.
Although all predicted shifts in this paper are calculated using
the H1-Ps as a tabulated set of points in both the

2. THEORETICAL METHODOLOGY
2.1. Calculating the Raman shifts for a cluster of
identical particles. The Raman vibrational shift for a cluster
of N identical particles is deﬁned as the diﬀerence in vibrational
excitation energy of the cluster and that of a free monomer. We
focus on vibrational excitations from the ground state to a state
with one total quantum of vibrational energy. It is possible to
obtain an approximate pairwise-additive Hamiltonian along
with ﬁrst order perturbation theory to arrive at an expression
for the Raman vibrational shift. Details are provided in the
online Supporting Information where a simpliﬁed model is used
to represent the energy levels for clusters of N identical
particles by constructing and diagonalizing the many-body
Hamiltonian for the v = 0 and v = 1 vibrational states. The key
result of that analysis is an expression for the diﬀerence
potential ΔV(R) (deﬁned as the diﬀerence between the energy
of a pair of particles with 1 total quantum of vibration, and that
of a pair with 0 total quantum of vibration). This vibrational
shift can then be calculated using eq 1. The use of perturbation
theory to calculate energy diﬀerences for a dopant (e.g., CO2)
in a cluster of monomers (e.g., H2) has been widely
used.10,13,36−38 The speciﬁc case when the dopant is identical
to the monomers, leading to eq 1, was ﬁrst considered in ref 27.
The quantity ΔV(R) that enters the theory can be
determined explicitly by taking the diﬀerence between the
ground state energy, E0, and the symmetric excited vibrational
state energy, E+, and is derived in the Supporting Information.
The actual calculation of E+ and E0 involves the construction of
the full rovibrational Hamiltonian for the dimer. The energy E+
is that of the lowest symmetric state with one quantum of
vibration. The full potential for a cluster of N monomers with
one quantum of vibration can be expressed in terms of the
ground state potential V(R) and the diﬀerence potential ΔV(R)
as
VNv = 1(R) =

∑ V (R ij) +
i<j

2
N

∑ ΔV (R ij)
(2)

i<j

where the 2/N factor comes from the restriction of counting
distinct pairs. This provides a useful starting point for the
discussion of perturbation theory later on.
2.2. Constructing the eﬀective H1-Ps for the dimer. In
practice, the monomers within the cluster do not have a single
internal degree of freedom. The exact space-ﬁxed frame
Hamiltonian for a cluster containing N vibrating and rotating
hydrogen molecules can be written as
HN̂ =

∑ (hî
i

B

rovib

trans
+ Tî ) +

∑ V̂
i<j

aniso

(ri , rj , R i , R j)
(3)
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where ri is the relative vector between the two atoms forming
hydrogen molecule i, and Ri is a vector representing the
position of the center of mass of that molecule. The diatomic
rovibrational Hamiltonian and translational kinetic energy of
monomer i are represented by ĥrovib
and T̂ trans
, respectively. The
i
i
intermolecular interactions between molecules i and j are
assumed to be pairwise additive and are represented by the
V̂ aniso(ri,rj,Ri,Rj) term in the above expression. The superscript
“aniso” is added to highlight the fact that the full anisotropy of
the interaction is accounted for at this stage. The construction
of the H1-P potential for pH2 was described in detail in a
previous paper.28 The same method is used here to construct
the oD2-oD2 and pT2-pT2 interaction potentials. The AHR
method was developed by Li et al.31 in studying the vibrational
shifts of CO2 in (pH2)N clusters and has since been used for
other systems including H2O-pH239 and N2O-pH2.40 For a
dimer composed of two identical monomers, with a 6-D
interaction potential between them, the Hamiltonian in the
space-ﬁxed frame is

and the energies for the excited state E+ and the ground state E0
are obtained from the 6-D calculations for the dimer. In the
simulations below, Ĥ g is used to obtain the ground state
density, while the perturbative correction [eq 1] is used to
calculate the vibrational shift from the monomer.
2.3. Ground state simulation methodology. The
molecular dynamics simulations are performed using the
Langevin equation Path Integral Ground State (LePIGS)
code29 using the parameters and trial wave functions from a
previous paper that focused on ground state calculations of
hydrogen clusters.26 For simulations of cluster sizes N ≥ 4, the
Jastrow trial wave function, of form
⎧
⎪ 1
ψT = exp⎨−
⎪ 2
⎩

with parameter b = 3.65 Å, is used along with the
corresponding parameters from the N = 4 case from that
paper.26 For N = 2−3, the normal mode trial wave function, of
form
⎧ 1
ψT = exp⎨
−
⎪
⎩ 2ℏ

(4)

⎪

The AHR approach involves building the Hamiltonian at
various distances, R, between molecules and diagonalizing over
the 5 other degrees of freedom. For the ground state potential,
the lowest eigenvalues calculated at each R value are chosen,
resulting in a 1-D interaction potential. However, the individual
monomer Hamiltonians h1̂ and h2̂ are not included as part of
this AHR treatment, but instead the rovibrational energies
(relative to the ground rotational state J = 0 for each vibrational
level) are used directly. The rovibrational radial wave functions
are used as a basis set of primitive functions for constructing the
Hamiltonian matrix. The quantum numbers J = 0, 2, 4 are used
for each monomer, reﬂecting the allowed rotational states for
these molecules, and symmetrization of the basis functions is
incorporated, as we are interested in the symmetric state, as
discussed before. The basis functions are then converted into
real spherical harmonics for convenience. For each system, one
H1-P pair interaction potential is constructed with both
monomers in their vibrational ground state and a second H1P pair interaction potential is constructed with one quantum of
vibration distributed between the two monomers. The so
obtained energies for the ground and ﬁrst excited vibrational
states provide the potentials for the respective simulations.
The ground state Hamiltonian for the translational N-body
problem then becomes
(5)

(6)

The Hamiltonian for the excited state then becomes
Ĥexc = Ĥg +

∑ ΔV (R ij)
i<j

(7)

ΔV (R ij) = E+(R ij) − E0(R ij)

(8)

⎪

⎪

k

⎭

(10)

3. RESULTS AND DISCUSSION
3.1. Experimental Raman vibrational shifts. Raman
scattering of small (oD2)N clusters has been recorded with the
same experimental setup described in ref 42. In brief, (oD2)N
clusters were formed in a supersonic free jet expansion by a
continuous ﬂow of a mixture of oD2(10%) diluted in He, at a
stagnation pressure of P0 = 3 bar into a very low pressure
expansion chamber. The circular, thin-walled copper nozzle, 50
μm in diameter, was cooled to T0 = 40 K by means of a closed
cycle helium refrigerator. The temperature at the nozzle was
actively controlled to ±0.01 K. The oD2(10%) + He mixture
was prepared in continuous ﬂow by a pair of high-accuracy
mass-ﬂow controllers (Bronkhorst). The expansion chamber
was evacuated by a 2000 L/s turbomolecular pump, backed by
a 400 m3/hour roots blower and a 70 m3/hour rotary pump.
The background pressure in the expansion chamber was 0.006
mbar under the above given conditions.
oD2 was prepared from commercial normal D2 (PRAXAIR,
nominal purity 99.8%) by continuous ﬂow through a catalytic
converter operated at 21 K and 5 bar. The residence time under

where the ground state E0(Rij) is composed of the individual
intramolecular ground state energies h0 and the intermolecular
interaction potential V(R)

E0(R ) = 2h0 + V (R )

⎫

∑ ωkQ k2⎬

is used along with the corresponding parameters for the N = 4
case, since it was determined that this trial wave function helps
prevent the cluster from dissociating. The Qk’s represent the
mass-weighted normal modes, and the ωk’s represent the
angular frequencies determined from the eigenvalues and
eigenvectors after diagonalizing the mass-weighted force
constant matrix (Hessian). For each cluster size, starting with
the initial conditions from the Cambridge Cluster Database,41 a
steepest descent minimization is performed using the speciﬁc
interaction potential to obtain the equilibrium geometries.
For each simulation, regardless of which trial wave function is
implemented, a simulation time step dt = 5.0 fs and an
imaginary time step τ = 0.001 K−1 are used. The initial
conditions for all of our simulations come again from the
Cambridge Cluster Database,41 and prior to our simulation that
we sample from, a steepest descent minimization and an
equilibration simulation of 25 ps are performed.

∑ E0(R ij)
i<j

(9)
17

rovib
rovib
6‐ D
Ĥ = h1̂
(r1) + h2̂
(r2) + V̂ (R , r1 , r2 , θ1 , θ2 , ϕ)

Ĥg = T̂ +

⎫
⎛ b ⎞5 ⎪
∑ ⎜⎜ ⎟⎟ ⎬
r ⎪
i < j ⎝ ij ⎠ ⎭

where

C
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clusters.27,42,44 Peaks for N = 2 to 6 are clearly resolved in
the spectrum of Figure 1, while those for N = 7 and 8 are
partially overlapped by the Q(1) line. The features red-shifted
from the Q(1) line are tentatively assigned to the (oD2)N
clusters with N = 9 to 11, although they can also have small
contribution from mixed pD2-oD2 dimers. The measured
vibrational shifts of the (oD2)N clusters with respect to the free
oD2 molecule are reported in Table 1.
3.2. Raman shifts of the dimers and trimers used to
quantify methodological errors and determine scaling
factors. To determine the Raman vibrational shifts from
theory, we reduce the H6-PES to 1-D using the AHR
approximation for a pair of monomers with zero total quanta
of vibration, our H1-Ps, and with one total quantum of
vibration and use a ﬁrst-order perturbation approach [eq 1] to
calculate the shifts. There are two advantages to doing these
steps. First, it is clear that reducing the number of dimensions
in our potential energy surface leads to computational savings.
Also, it has been shown that the convergence of statistical
errors with simulation time using our ﬁrst-order perturbation
approach is faster than simulating the cluster in each of its
vibrational states and directly calculating the diﬀerence in
energies to get the shift.38 For the dimer system of both pH2
and oD2, we directly calculated both the errors in the reduction
from 6-D to 1-D and from using ﬁrst-order perturbation theory
instead of the direct method. We demonstrate the validity of
using these two methods, as the cumulative error is smaller
than that of experimental uncertainties. This allows us to
propose a scaling factor applied to the entire cluster range to
account for these two errors.
The ground state 1-D pair interaction potentials (H1-Ps) are
calculated for the three J = 0 isotopologues, pH2, oD2, and pT2,
and are shown in Figure 2. There are very small diﬀerences
between them. As the mass increases, the minimum shifts
toward shorter lengths and the well depth becomes shallower as
the monomers become less polarizable. The diﬀerence
potentials deﬁned in the last section are shown in Figure 3.
The diﬀerence potential becomes shallower as the mass
increases, since the vibrational energy levels become closer
together. The ground state pair distribution functions from our
simulations for cluster size N = 4 are shown in Figure 4. As the
mass increases, the distributions become more peaked,
reﬂecting the reduced quantum character of the system.

these conditions allowed the para-to-ortho conversion of the D2
molecules to reach the equilibrium ratio of 97.5% of J = 0
molecules.
Raman scattering was excited by 4 W of a single-mode Ar+
laser at λ = 514.5 nm, sharply focused down to a 15 μm beam
waist onto the gas jet. The size of the probed volume seen by
the detector of the spectrometer is 90 × 15 × 2 μm3. Raman
scattering was collected at 90° to both the gas jet and the
exciting laser beam, by a high throughput (f/1.8) optical system
with a total magniﬁcation ×10, and was focused onto the 20 μm
entrance slit of the spectrometer, providing a 2 μm spatial
resolution along the jet axis. The spectrometer is equipped with
a 2360 line/mm holographic 102 × 102 mm2 grating and a
back-illuminated CCD detector with 1340 × 400 pixels, cooled
by liquid nitrogen to −120 °C. The spectral resolution was 0.16
cm−1.
The Raman spectrum in Figure 1 was recorded at z = 300
μm from the nozzle oriﬁce, at an estimated local temperature of

Figure 1. Vibrational Raman spectrum of small (oD2)N clusters, as
recorded in a cryogenic free jet of oD2(10%) + He mixture. The
numbers 2−11 indicate the size N of the cluster. Experimental
conditions (see text): T0 = 40 K, P0 = 3 bar, D = 50 μm, z = 300 μm.
The estimated local temperature is 1.1 K.

1.1 K in the jet. The peak at 2993.617 cm−1 is the Q(0) line43
of the free oD2 molecules, with an (oﬀ-scale) total signal of ∼75
photons/s, while that at 2991.498 cm−1 is the Q(1) line due to
the residual 2.5% pD2 (J = 1) molecules. The red-shifted
satellite peaks at the bottom of the monomer Q(0) line are
assigned to the excitation of one vibrational quantum in the
small (oD2)N clusters, as was done for the small (pH2)N

Table 1. Raman Vibrational Shifts (in cm−1) of (pH2)N and (oD2)N Clusters up to N = 11 Obtained from Simulation [Δν(Sim|
PT)] and New Experimental Values for (oD2)Na
(pH2)N

(oD2)N

N

Expt.27

Scaled

PT

B-P

Expt.

Scaled

PT

B-P

2
3
4
5
6
7
8
9
10
11

−0.400(20)
−0.822(20)
−1.251(20)
−1.594(20)
−1.910(20)
−2.136(20)
−2.350(20)

−0.40
−0.83
−1.25
−1.57
−1.86
−2.09
−2.28
−2.46
−2.62
−2.83

−0.391*
−0.801*
−1.202(4)
−1.518(4)
−1.792(4)
−2.016(4)
−2.199(4)
−2.372(4)
−2.534(4)
−2.729(4)

−0.366(4)
−0.756(4)
−1.107(5)
−1.408(5)
−1.641(5)
−1.848(5)
−2.025(5)
−2.182(5)
−2.327(5)
−2.512(5)

−0.401(30)
−0.847(30)
−1.287(30)
−1.602(30)
−1.844(30)

−0.41
−0.82
−1.24
−1.51
−1.78
−1.99
−2.13
−2.28
−2.46
−2.61

−0.394*
−0.795*
−1.202(3)
−1.467(3)
−1.724(3)
−1.927(3)
−2.063(3)
−2.214(3)
−2.383(3)
−2.532(3)

−0.360(3)
−0.731(3)
−1.096(3)
−1.341(3)
−1.572(3)
−1.756(3)
−1.882(3)
−2.021(3)
−2.174(3)
−2.307(3)

−2.457(30)
−2.697(50)
−2.827(50)

Estimated uncertainties shown in parentheses. Those reported from simulation are standard errors using 1σ. Quantities marked with a * are
obtained from exact diagonalization [Δν(ψ0|PT)]. Results obtained using the B-P32 are also shown for comparison. The scaling factors used are
1.036 for pH2 and 1.030 for oD2. PT refers to ﬁrst-order perturbation theory.

a

D
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are denoted Δν(Sim|PT). However, from the diagonalizaton
methods, we can calculate the pair distribution function directly
from the ground state wave function, since PN(R) = ψ20. The
vibrational shifts calculated this way are denoted Δν(ψ0|PT).
Second-order perturbation theory45,46 can also be used to
estimate the leading correction to the ﬁrst-order perturbation
theory method described above. When the wave function of
interest is that of the ground state, the contribution
Δν0,″N = (N − 1)2

∑

̂ (0) 2
|⟨Φ(0)
k |ΔV |Φ0 ⟩|

k≠0

Figure 2. H1-Ps of pH2, oD2, and pT2 molecules in the ground (v = 0)
vibrational state.

E0(0) − Ek(0)

(12)

can be added to the Δν of eq 1. The k’s represent the excited
vibrational states of the system, and the Φ(0)’s and E(0)’s
represent the eigenvectors (wave functions) and eigenvalues
(energies) obtained by diagonalizing the Hamiltonian using the
ground state interaction potential. It should be noted that this
correction is negative or zero, meaning that calculating the
Raman shifts using only ﬁrst-order perturbation theory should
give results that are smaller in magnitude than the true value of
the shift. The shifts calculated using this method are denoted
Δν(ψ0|PT-2).
Using these direct diagonalization methods, it is important to
recognize that the reference frame is the body-ﬁxed frame, the
system is in the J = 0 state, and the energies we calculate are
due to the intermolecular translational motion. In simulations,
the reference frame is the space-ﬁxed frame. In the analysis
throughout this paper, it should be noted that the shifts are
compared based on their magnitude. Since only red shifts are
observed, a larger shift means one that is more negative.
We ﬁrst start with the dimer, which can be discussed in more
detail. An exact method can be used to calculate the vibrational
shift by diagonalizing the Hamiltonian for the v = 0 and v = 1
states using a Discrete Variable Representation (DVR) basis.47
These results, together with the simulation results, experimental
values, and Hinde’s exact 6-D calculations, are shown in Table
2. The parameters used in our diagonalization code are 10000
DVR grid points, rmin = 0.1 Å, rmax = 20.0 Å for (pH2)2 and

Figure 3. Diﬀerence between the H1-Ps of pH2, oD2, and pT2
molecules in the ﬁrst excited (v = 1) and the ground (v = 0)
vibrational states.

Table 2. Ground State Energies and Raman Vibrational
Shifts (in cm−1) of (pH2)2, (oD2)2, and (pT2)2 as Calculated
Using our H1-Psa
Figure 4. Pair distribution functions generated from LePIGS
simulations of (pH2)4, (oD2)4, and (pT2)4 clusters using the H1-P
for each isotopologue.

E0(ψ0)
Δν(Hinde 6-D
Exact)
Δν(ψ)
Δν(ψ0|PT)
Δν(Sim|PT)
Δν(ψ0|PT-2)
Δν(Experiment)

For the dimer and trimer, in order to calculate the errors in
the AHR and perturbation theory, we require the vibrational
shifts to be calculated using diagonalization and simulations
methods, using the H1-Ps. The most accurate method is to
directly calculate the diﬀerence between the energy levels,
denoted Δν(ψ)
Δν(ψ ) =

E0v = 1

−

E0v = 0

(pH2)2

(oD2)2

−2.90213
−0.405

−6.78567
−0.406

−9.055
N/A

(pT2)2

−0.401
−0.391
−0.388(3)
−0.401
−0.400(20)

−0.400
−0.394
−0.400(2)
−0.400
−0.401(30)

−0.363
−0.359
−0.363(2)
−0.363
N/A

a

Comparison is made to Hinde’s results using his H6-PES Hinde 6-D
Exact],30 new experimental data for (oD2)2, and previous experimental
results for (pH2)2.27 Δν(ψ) refers to the method of using direct
diagonalization to calculate the shift by directly taking the diﬀerence
between the ground state energy [E0(ψ0)] and the energy of the
excited vibrational state. Using exact diagonalization, the shifts are
calculated using ﬁrst order perturbation theory [Δν(ψ0|PT)] and
second order perturbation theory [Δν(ψ0|PT-2)]. The shifts are also
calculated using the pair distribution functions from simulation
[Δν(Sim|PT)]. Estimated uncertainties are shown in parentheses.
Those reported from simulation are standard errors using 1σ.

(11)

where E0 represents the lowest eigenvalues obtained using the
potential with one total quantum of vibration (v = 1) given by
eq 2 or our H1-Ps with no excitation (v = 0). As mentioned in
the previous section, perturbation theory can be applied to
calculate the vibrational shifts by using eq 1. The ground state
pair distribution function, PN(R), can be obtained through
LePIGS simulations, and the shifts calculated using this method
E
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(oD2)2, and rmax = 15.0 Å for (pT2)2, and Jmax = 0 is used for all
isotopologues. We note that our bound state energies are
relative to those of the two free monomers.
The diﬀerence of our Δν(ψ) from the Δν(Hinde 6-D Exact)
can be directly attributed to the error in using the AHR
approximation and vibrational averaging to reduce our potential
from 6-D to 1-D. These errors lead to shifts that are 0.004 cm−1
smaller for (pH2)2 and 0.006 cm−1 smaller for (oD2)2 than
Hinde’s 6-D values. The diﬀerence in our Δν(ψ0|PT) and
Δν(ψ) is the error in using perturbation theory for these
predictions. We observe that this error leads to even smaller
shifts by 0.01 cm−1 for (pH2)2, 0.006 cm−1 for (oD2)2, and
0.004 cm−1 for (pT2)2. These two eﬀects might explain why our
Δν(Sim|PT) predictions for larger clusters are smaller than
experimentally observed. This error is greatly eliminated with
second order perturbation theory, Δν(ψ0 |PT-2), as it
reproduces the shift using our most accurate method, Δν(ψ).
As expected, the shifts obtained from ﬁrst order perturbation
theory, either from simulation, Δν(Sim|PT), or from the exact
calculation, Δν(ψ0|PT), are in good agreement with each other.
Since we know the error due to the AHR approximation and
to perturbation theory are both in the same direction (cause
smaller shifts), the predicted shifts calculated using the PN(R)
from simulation [Δν(Sim|PT)] and from direct diagonalization
[Δν(ψ0|PT)] can be scaled to correct for these errors. Using
the shifts calculated for the dimer, Δν2, the scaling factor f for
(pH2)N and (oD2)N, is calculated as the ratio:
f H/D =

Δν2(Hinde 6‐D Exact)
Δν2(PT )

cases except for the Lanczos−Exact calculation with (pH2)3
(Vmax = 1100 cm−1). For (pH2)3 and (oD2)3, rmax = 20 Å, and
for (pT2)3, rmax = 15 Å. The basis function parameters used for
all isotopologues are a = 5 and b = 0 with symmetry label A1.
The ﬁrst observation is the error in perturbation theory, or the
deviation of Δν(ψ0|PT) from the nonperturbative exact
calculation, Δν(ψ), is 0.013 cm−1 for (pH2)3, 0.008 cm−1 for
(oD2)3, and 0.005 cm−1 for (pT2)3. We also conﬁrm the same
values of the shifts are obtained using the two diﬀerent
perturbation theory methods, Δν(Sim|PT) and Δν(ψ0|PT).
3.3. Raman vibrational shifts for entire cluster range.
We now extend our study to larger clusters, where direct
diagonalization methods can no longer be used. Our predicted
Raman vibrational shifts for (pH2)N and (oD2)N obtained using
the H1-Ps over the range N = 2−11 are compared to
experiment in Figure 5. The numerical results are given in

(13)

For pT2, there is no Hinde 6-D Exact calculation, so we instead
scale to our [Δν(ψ)] value using Lanczos diagonalization,
which accounts only for the error in perturbation theory but
not the error due to the AHR approximation.
fT =

Δν2(ψ )
Δν2(PT)

(14)

The vibrational shift for the trimers can also be calculated
exactly and perturbatively using the Lanczos diagonalization in
Pekeris coordinates.48−50 These shifts are shown in Table 3,
along with the simulation and experimental results. For each of
the isotopologues, 90 dimensionless Jacobi DVR basis functions
were used over 15000 iterations with a Vmax of 1000 cm−1 for all

Figure 5. Predicted Raman vibrational shifts (with scaling) for (a)
(pH2)N and (b) (oD2)N clusters up to size N = 11 using the H1-P for
each isotopologue. Experimental results are also shown.

Table 3. Raman Vibrational Shifts (in cm−1) of (pH2)3,
(oD2)3, and (pT2)3 as Calculated Using our H1-Psa
Δν(Sim|PT)
Δν(ψ0|PT)
Δν(ψ)
Δν(Experiment)

(pH2)3

(oD2)3

(pT2)3

−0.798(4)
−0.801
−0.814
−0.822(20)

−0.792(3)
−0.795
−0.803
−0.847(30)

−0.722(2)
−0.723
−0.728
N/A

Table 1. The shifts predicted for (pT2)N are given in Table 4,
and they are smaller than those for both (pH2)N and (oD2)N for
all cluster sizes. Results based on the B-P are also calculated for
comparison.
The following discussion is based on the scaled values. The
shifts reported in Table 1, which were calculated with our H1-P
for (pH2)N, are in good agreement with the experimental data
and fall within the uncertainty for N = 2−5. For N ≥ 6, the
predicted shifts are distinctly smaller than the observed ones.
This may be due to a number of possible factors. First, we
introduce an ad hoc scaling factor for all cluster sizes based on
the dimer to eliminate the eﬀect of the AHR approximation and
ﬁrst order perturbation theory. Future work could be done to
ﬁnd a theoretically justiﬁed method to properly account for the
errors due to those eﬀects. Second, Hinde’s 6-D potential also
uses the same long-range coeﬃcients for D2 as it does for H2.
This may contribute further to the deviation in the shifts of
(oD2)N clusters between our calculated shifts and experiment.

a

Comparison is made to new experimental data for (oD2)3, and
previous experimental results for (pH2)3.27 Δν(ψ) refers to the
method of using direct diagonalization to calculate the shift by directly
taking the diﬀerence between the ground state energy and the energy
of the excited vibrational state. The shifts are also calculated using ﬁrst
order perturbation theory with the pair distribution functions
determined by the exact wavefunctions [Δν(ψ0|PT)] or from the
results of simulation [Δν(Sim|PT)]. Estimated uncertainties are
shown in parentheses. Those reported from simulation are standard
errors using 1σ.
F
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Table 4. Raman Vibrational Shifts (in cm−1) of (pT2)N
Clusters up to N = 11 Obtained from Simulation [Δν(Sim|
PT)] Using Our Numerical H1-Ps and Diﬀerence Potentials
for (pT2) Dimersa

the diﬀerence potential contributing a very negative value to the
shift. The (pH2)3 pair distribution in the diﬀerence potential
well is not as peaked and extends to longer distances, so
although it does not contribute as negative a shift in the well
region, since the distribution extends to longer distances, it
accumulates a more negative value. This leads to roughly
equivalent values of the overall shift between (pH2)N and
(oD2)N.
For each isotopologue, the B-P gives consistently smaller
vibrational shifts than our H1-Ps and as a result the H1-Ps with
isotopologue-dependence give better agreement for all cluster
sizes.
3.4. Portable analytic MLR models for our isotopedependent H1-Ps. Although the ground state H1-Ps used so
far in this paper, both in the diagonalization and simulation
methods, are the set of points obtained directly from the AHR
reduction and vibrational averaging procedure, it is convenient
to express our potentials in an analytic form. The potentials are
ﬁtted to the modern version of the MLR functional form:51

(pT2)N
N

Scaled

PT

B-P

2
3
4
5
6
7
8
9
10
11

−0.36
−0.73
−1.10
−1.34
−1.57
−1.77
−1.86
−2.04
−2.18
−2.28

−0.359*
−0.723*
−1.092(2)
−1.327(2)
−1.552(2)
−1.755(2)
−1.840(2)
−2.013(2)
−2.157(2)
−2.254(2)

−0.329(2)
−0.670(2)
−1.001(3)
−1.223(3)
−1.430(3)
−1.611(3)
−1.695(3)
−1.842(2)
−1.977(2)
−2.069(2)

a

Estimated uncertainties, reported as standard errors using 1σ, are
shown in parentheses. Quantities marked with an * are obtained from
exact diagonalization [Δν(ψ0|PT)] using the H1-Ps. Results obtained
using the B-P32 potential are also shown for comparison. The scaling
factor used is f T = 1.011 for pT2.

⎧
⎫2
uLR (r )
eq
exp[−β(r ) ·yp (r )]⎬
VMLR(r ) = De⎨1 −
uLR (re)
⎩
⎭

(15)

with De representing the well depth and re representing the
equilibrium distance. The β parameters are deﬁned as

Finally, we are using pair interaction potentials, and many-body
eﬀects may be important for the larger clusters.
It is also interesting to compare the relative magnitudes of
the vibrational shifts for (pH2)N and (oD2)N. For N ≤ 5, no
diﬀerence in the experimental vibrational shift between (pH2)N
and (oD2)N is observed within the estimated uncertainty, while,
for larger clusters, the experimental shifts for (pH2)N are larger
than those for (oD2)N. In turn, the ordering of the calculated
shifts for (pH2)N and (oD2)N agrees with experiment; with
perhaps the exception of N = 5, since (pH2)5 is predicted to
have a larger shift than (oD2)5 by 0.06 cm−1 while the shifts are
experimentally observed to be almost equal.
For N ≤ 5 small clusters of (oD2)N and (pH2)N, we notice a
competing eﬀect in the calculation of the vibrational shift from
perturbation theory, shown in Figure 6, due to the shape and
location of the pair distribution function with respect to the
diﬀerence potential. This ﬁgure plots the integrand of the
vibrational shift equation [eq 1] for the (pH2)3, (oD2)3, and
(pT2)3 trimers. The ﬁgure shows that (oD2)3 has a signiﬁcantly,
narrowly peaked pair distribution in the most negative region of

Nβ

βMLR (r ) = ypref (r )β∞ + [1 − ypref (r )] ∑ βi yqref (r )i

(16)

i=0

in which
⎡ 2De ⎤
β∞ = ln⎢
⎥
⎣ uLR (re) ⎦

(17)

and the ya’s are
yaeq (r ) =

r a − rea
r a + rea

(18)

and
yaref (r ) =

a
r a − rref
a
r a + rref

(19)

The long-range contribution has the form:
uLR (r ) = Dm1(r )

Cm1
r m1

+ Dm2(r )

Cm2
r m2

+ Dm3(r )

Cm3
r m3

+ ...
(20)

in which the Dm(r)’s are “damping functions” from refs 51 and
52
D mids(r )

⎧
⎫mi − 1
⎛ 3.30(ρr )
⎪
0.423(ρr )2 ⎞⎪
⎟⎟⎬
=⎨
−
1 − exp⎜⎜ −
⎪
mi
mi1/2 ⎠⎪
⎝
⎩
⎭
(21)

The programs betaFIT and dpotFIT are used to ﬁt the
H1-Ps to analytic Morse Long Range functions. To ﬁt our
potential in betaFIT, 756 points out of 17770 points were
chosen from the original tabulated potential used in simulation.
A required input to any sensible least-squares ﬁt program are
“uncertainties” at each potential point. The uncertainties used
here are a speciﬁc percentage of the value of the potential at
53

Figure 6. Solid lines: Integrand of the vibrational shift equation: the
diﬀerence potential multiplied by the pair distribution function
obtained from simulation, shown for the (pH2)3, (oD2)3, and (pT2)3
trimers. Dotted lines: The cumulative sums of the integrand (scaled to
ﬁt the diagram) reﬂecting how the vibrational shifts change with
intermolecular distance.
G
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each data point. The choice of points and uncertainties is listed
in Table 5.

Table 7. Rotationless Bound State Energies and Vibrational
Shifts (in cm−1) of (pH2)2, (oD2)2, and (pT2)2 Dimers
Calculated Using the Lanczos Diagonalization Method with
Our H1-P and the Present H1-MLRa

Table 5. Selecting Range and Density of the Tabulated H1-P
Data Points To Fit the Analytic Potential to and the Choice
of Uncertainty Percentages
R (Å)

ΔR (Å)

“Uncertainty” (%)

2.23−3.08
3.10−8.08
8.13−19.98

0.05
0.01
0.05

10%
1%
10%

(pH2)2
E0(ψ0)
Δν(ψ)
a

pH2
24.2288
3.47005
−24.2288
5.82036400 × 1004
2.87052154 × 1005
1.80757343 × 1006
−6.631 × 10−02
1.346 × 10−01
−3.300 × 10−02
6.000 × 1000
−1.400 × 1001
−1.193 × 1002
2.290 × 1002
1.110 × 1003
−1.850 × 1003
−3.500 × 1003
6.000 × 1003

oD2

pT2

24.2090
3.46468
−24.2090

24.1595
3.46043
−24.1595

−6.396 × 10−02
2.109 × 10−01
4.970 × 10−01
7.410 × 1000
−1.570 × 1001
−1.020 × 1002
4.110 × 1002
1.160 × 1003
−3.150 × 1003
−3.300 × 1003
1.100 × 1004

−6.202 × 10−02
2.795 × 10−01
9.750 × 10−01
8.810 × 1000
−1.730 × 1001
−8.840 × 1001
5.880 × 1002
1.230 × 1003
−4.460 × 1003
−3.200 × 1003
1.600 × 1004

H1-P

H1-MLR

H1-P

H1-MLR

−2.9021
−0.4013

−2.9016
−0.4018

−6.7857
−0.3997

−6.7847
−0.4006

−9.055
−0.363

−9.054
−0.365

Energies are relative to the two free monomers.

Figure 7. Ground state wave function of the (pH2)2, (oD2)2, and
(pT2)2 dimers calculated by exact diagonalization using the H1-Ps.

Table 6. MLR Fit Parameters for the Ground State H1-Ps of
pH2, oD2, and pT2a
De
re
Vmin
C6
C8
C10
β0
β1
β2
β3
β4
β5
β6
β7
β8
β9
β10

(pT2)2

H1-MLR

found using our H1-Ps and H1MLR-Ps for all three
isotopologues. As mentioned before, the bound states refer
only to the intermolecular translational degrees of freedom.
Using his H6-PES, Hinde obtained for (oD2)2 four bound
states30 considering the end-over-end rotation of the dimer.
The ground state wave functions for the (pH2)2, (oD2)2, and
(pT2)2 dimers calculated from the exact code using our H1-Ps
are shown in Figure 7. It should be noted that the (pH2)2 wave
function is much broader than the other two. This reﬂects the
greater quantum nature of (pH2)2 compared to its heavier
isotopologues.

Our H1-MLRs are ﬁtted to ten beta parameters, and to
optimize the remaining parameters, they were ﬁt using the
betaFIT code program for a variety of diﬀerent p (between 5
and 8), q (between 1 and 4), and rref parameters (between 3.00
Å and 6.00 Å) for each of the three interaction potential
surfaces. The parameters were chosen such that they minimize
the dimensionless root mean squared deviation (so-called “dd”)
between the ﬁtted H1-MLRs and actual H1-Ps. The potFIT
code was then used to further ﬁne-tune the H1-MLRs,
requiring that the dissociation limit be zero, which was not
possible in betaFIT. The resulting “dd” values for each potential
were approximately 0.02. The resulting potential surfaces
obtained from potFIT are benchmarked by comparing the
bound state energies of (pH2)3, (oD2)3, and (pT2)3 trimers
obtained using our ﬁtted H1-MLRs to those obtained using the
true tabulated H1-P. It is most convenient to have the same
MLR form (p,q,rref parameters) for each isotopologue, and the
parameters p = 6, q = 1, and rref = 4.20 Å were chosen since
these gave us the best overall results for each of the potential
surfaces. The other MLR ﬁtted parameters for each
isotopologue are listed in Table 6. Comparing the H1-P to
the H1-MLRs of the dimers in Table 7, the accuracy of the
energies is on the order of the 0.0001 cm−1 and the errors in
our calculated vibrational shifts are 0.002 cm−1, which are
smaller than our simulated error bars. We ﬁnd that the
calculated ground state energies are the only bound states

Parameter

(oD2)2

H1-P

The results of the trimer bound state energy calculations,48,50
performed using the Lanczos diagonalization scheme, are
shown in Table 8 using both the full pointwise H1-P and our
ﬁtted H1-MLR. We ﬁnd two bound states for (pH2)3, three for
(oD2)3, and four for (pT2)3. We note that all bound states of
the trimers lie below those of the dimers. Our ﬁtted H1-MLRs
give good agreement with the original H1-Ps for the bound
state calculations and the vibrational shifts. It is worth
mentioning that similar calculations of the bound states of
(pH2)3 in the literature55,56 found only one bound state. This
could be due to the interaction potential, and future work
should be done to determine the source of this discrepancy.
The one-dimensional particle distributions representing the
wave functions in Pekeris coordinates are shown in Figure 8 for
the trimer of each isotopologue. The wave function for the
bound state n = 1 level for the (pH2)3 trimer is almost twice as
wide as that for the ground state wave function. This extended
wave function is not observed in the (oD2)3 trimer; however, a
diﬀuse wave function is also observed in the n = 3 level of the
(pT2)3 trimer that is much broader than the other three lower
states.

a
Energies are in cm−1 and lengths in Å. Parameters common for all
three H1-MLRs are p = 6, q = 1, rref = 4.60, and ρAB = 1.10.
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Table 8. Rotationless Bound State Energies En and Vibrational Shifts (in cm−1) of (pH2)3, (oD2)3, and (pT2)3 Trimers
Calculated Using the Lanczos Diagonalization Method with Our H1-P and the Present H1-MLRa
(pH2)3

a

(oD2)3

(pT2)3

Bound State Energies

H1-P

H1-MLR

H1-P

H1-MLR

H1-P

H1-MLR

E0
E1
E2
E3
Δν(ψ0|PT)

−9.8863
−3.65104

−9.8864
−3.65098

−21.2386
−12.7640
−7.2730

−21.2388
−12.7634
−7.2727

−0.8010

−0.8011

−0.7954

−0.7956

−27.905
−18.076
−13.923
−9.483
−0.72272

−27.904
−18.075
−13.922
−9.485
−0.72270

Energies are relative to the three free monomers.

second order perturbation theory corrects for the error of ﬁrst
order perturbation theory. A potential source of error for larger
clusters is that the AHR reduction does not necessarily lead to a
pairwise additive potential. Determining the quantitative eﬀect
of this error or if this assumption introduces many-body eﬀects
is a future research direction. For the trimers, we observe
diﬀering numbers of J = 0 bound states of the trimer
isotopologues: two for (pH2)3, three for (oD2)3, and four for
(pT2)3; however, only one bound state for (pH2)3 has been
reported in the literature55,56 using methods similar to ours, and
future work should be used to determine the source of that
discrepancy.
Since the errors in the AHR approximation and perturbation
theory are known, the simulation results can be scaled by a
factor to account for the discrepancy. With this scaling, the
calculated shifts of small clusters, N ≤ 5, of (pH2)N and (oD2)N
agree with experiment within estimated uncertainties, but they
are smaller than experiment for larger clusters. This could be
due to the simpliﬁed nature of the scaling approach. Also, the
same long-range coeﬃcients are used for D2 as they are for H2,
and this could lead to additional errors for the (oD2)N shifts.
Future work could look at a theoretical method to properly
account for the errors introduced by the AHR approximation
and ﬁrst-order perturbation theory, as well as trying to quantify
the three-body or many-body eﬀects to determine their impact
on the vibrational shifts. For (pT2)N, there are no experimental
results; however, a similar pattern is observed as for the other
isotopologues that the H1-P gives larger shifts than the B-P for
all cluster sizes. The predicted shifts for (pT2)N clusters are all
smaller than the corresponding shifts for both (pH2)N and
(oD2)N.
Although the analysis above used the ground state H1-P as a
set of points directly obtained from the AHR reduction, the
H1-Ps were also ﬁtted to a MLR34,35 functional form denoted
H1-MLR. The dimer and trimer bound state energies and
vibrational shifts with ﬁrst order perturbation theory using the
ﬁtted H1-MLRs are compared with those using the H1-Ps
directly, and the results are in excellent agreement. Having an
analytic form for the interaction potentials is very useful for
quantum molecular dynamics simulations because they allow
the derivatives (forces) to be calculated analytically. It also
provides a compact way to represent the potential for
dissemination purposes, instead of a tabulated form.

Figure 8. One-dimensional particle distribution for energy levels En in
Pekeris coordinates of (a) (pH2)3, (b) (oD2)3, and (c) (pT2)3 trimers
using the Lanczos diagonalization scheme.

4. CONCLUDING REMARKS
We have presented new experimental values for the Raman
vibrational shifts for (oD2)N clusters of size N = 2−6 and 9−11.
Eﬀective 1-D pair interaction potentials for pH2, oD2, and pT2
have been constructed based on the H6-PES.30 Using these
reduced pairwise H1-Ps, the Raman vibrational shifts were
calculated using ground state quantum molecular dynamics
(LePIGS) simulations and ﬁrst order perturbation theory. For
(pH2)N and (oD2)N, the predictions using the H1-Ps are in
good agreement with experimental results and outperform the
traditional B-P model.
For (pH2)2 and (oD2)2 dimers, we estimated the errors
associated with the reduction of the H6-PES to onedimensional models, along with the error originating from
perturbation theory. Both sources of errors cause predicted
shifts that are smaller in magnitude than expected. We ﬁnd that
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