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This paper describes program betaFIT, which performs least-squares ﬁts of sets of onedimensional (or radial) potential function values to four different types of sophisticated
analytic potential energy functional forms. These families of potential energy functions
are: the Expanded Morse Oscillator (EMO) potential [J Mol Spectrosc 1999;194:197], the
Morse/Long-Range (MLR) potential [Mol Phys 2007;105:663], the Double Exponential/
Long-Range (DELR) potential [J Chem Phys 2003;119:7398], and the “Generalized Potential
Energy Function (GPEF)” form introduced by Šurkus et al. [Chem Phys Lett 1984;105:291],
which includes a wide variety of polynomial potentials, such as the Dunham [Phys Rev
1932;41:713], Simons–Parr–Finlan [J Chem Phys 1973;59:3229], and Ogilvie–Tipping [Proc
R Soc A 1991;378:287] polynomials, as special cases. This code will be useful for providing
the realistic sets of potential function shape parameters that are required to initiate direct
ﬁts of selected analytic potential functions to experimental data, and for providing better
analytical representations of sets of ab initio results.
& 2016 Elsevier Ltd. All rights reserved.
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1. Introduction
Potential energy functions provide a ubiquitous means
for summarizing what we know about a molecule. However, while it is most convenient and useful to have these
functions in analytic form with very high orders of
smoothness and differentiability, they are most often
determined in pointwise form, either empirically, by utilizing the semiclassical Rydberg–Klein–Rees (RKR) procedure [1–4], or by employing ab initio methods. Moreover,
because of the sophisticated form of the successful modern potential functional forms, it is a non-trivial task to
obtain the sensible preliminary sets of parameters values
that are required in order to enable initiation of the type of
complex non-linear least-squares ‘Direct Potential Fit’
n
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(DPF) procedure that has become an increasingly common
means for analysing experimental data in recent years [5–
15]. To help address these problems, this paper describes a
computer program that has been developed for taking a
set of such radial or 1-D potential function points and
ﬁtting it to one of the four families of analytic functional
forms that are differentiable and smooth to inﬁnite order.
Three of the four forms have the physically signiﬁcant well
depth, De , and equilibrium distance, re, as central deﬁning
parameters, and display sensible short- and long-range
extrapolation behaviours outside the range of the set of
input points. The fourth family, which is included mainly
for historical reasons, has re as a central parameter but, as
for all polynomial functions, its extrapolation behaviour is
completely unpredictable.
Another important application of this code will be as a
tool for providing better analytic functions to represent
sets of ab initio potential energies. Much recent work on
weakly bonded systems has been based on the use of
potential forms that are represented as a simple sum of
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damped inverse-power dispersion terms with a single
repulsive exponential term whose exponent coefﬁcient
and pre-factor are an increasingly complicated clutters of
distance-dependent terms [16–22]. The potential function
forms offered in betaFIT provide a more natural way of
combining two key physically signiﬁcant parameters, the
well depth De and the equilibrium distance re, with a
variable number of potential shape parameters, in forms
that merge naturally to the correct inverse-power-sum
long-range limit.

2. Potential function forms
Program betaFIT will ﬁt a set of read-in potentialfunction points to one of the four families of analytic
functional forms. The ﬁrst two may be thought of as generalizations of familiar simple two- and three-parameter
potentials that allow the resulting functions to represent
not only conventional single-well potentials, but also
potentials that have double-minima or ‘shelf’ behaviour.
The third type of potential form (the DELR function) was
originally developed to deal with potentials possessing a
barrier that protrudes above the asymptote, but it should
also be able to represent normal single-minimum, doubleminimum, or shelf-state potentials. The fourth family of
potential functions considered herein consists of polynomials expanded about the potential minimum (or
equilibrium distance), for which different deﬁnitions of
the radial expansion variable provide a variety of particular historically signiﬁcant forms.
As the potential functional forms described below are
all expressed in terms of non-standard dimensionless
radial expansion variables, the presentation begins with
some remarks about those radial variables.
2.1. The radial expansion variable
Although potential energy functions are deﬁned on the
inﬁnite radial domain r A ½0; 1Þ, it is not advisable to
represent them as explicit functions of the internuclear
distance r itself, because all polynomial functions of r
approach 71 as r-1. The ﬁrst three types of potential
function described below are therefore based around an
exponential term whose exponent coefﬁcient is a slowly
varying function of distance that is expressed in terms of
radial variables having the forms
yrpe ðr Þ ¼ yp ðr; r e Þ 

r p  r pe
;
r p þ r pe

ð1Þ

and/or
yref
q ðr Þ ¼ yq ðr; r ref Þ 

r q  r qref
r q þ r qref

;

ð2Þ

in which the powers p and q are small positive integers, re
is the equilibrium internuclear distance, and r ref is a
positive reference distance (usually set greater than re)
that is chosen as the expansion centre. These variables are
particular versions of the “GPEF” expansion variable discussed in Section 2.5, particular forms of which had been
introduced by a number of authors [23–27]. Note that the

Fig. 1. (Adapted from Fig. 2 of Ref. [28]) Illustrative plots of the expansion
variables of Eqs. (1) and (2) showing the ‘data range’ associated with an
analysis for the X 1 Σ gþ state of Li2 [28]. The solid curves show the variables yrqe ðrÞ ¼ yq ðr; r e Þ for a range of q values, while the dashed curves
show analogous yref
q ðrÞ ¼ yq ðr; r ref Þ plots for r ref ¼ 1:5 r e . (For interpretation of the references to color in this ﬁgure, the reader is referred to the
web version of this paper.)

potential form of Section 2.3 requires two versions of the
ref
variable of Eq. (2), yref
p ðrÞ and yq ðrÞ, that are deﬁned by
different values of the power on the radial variable.
The nature of these variables is illustrated in Fig. 1 for a
range of values of the power q [28]. Because yrpe ðrÞ and
yref
fp=qg ðrÞ approach ﬁnite limits both as r-0 and as r-1,
functions of these variables will also approach ﬁnite values
in these limits. At the same time, the fact that yrpe ðrÞ p
ðr r e Þ and yref
q p ðr  r ref Þ at distances near their respective
expansion centres means that they will be effective
expansion variables for properties that change signiﬁcantly in those regions. This mapping of the inﬁnite
radial domain onto the ﬁnite interval yfp=qg ðrÞ A ½  1; þ 1Þ
greatly facilitates the imposition of proper theoretical
constraints on the behaviour of the potential function both
at long range, and in the very short-range region, and it
means that functions deﬁned as ﬁnite power series in
yref
q ðrÞ will not have singularities at either very small or
very large values of r.
Earlier work employing this type of exponent radial
variable was based on the single variable yrpe ðrÞ of Eq. (1)
[29–32]. Later work, however, showed that use of an
expansion variable yref
q ðrÞ centred at a distance r ref 4r e can,
with no loss of accuracy, lead to much more compact and
robust potential function expressions than could otherwise be obtained [28,33,34]. This is readily explained by
the differences between the solid and dashed curves
associated with particular values of q, shown in Fig. 1. In
particular, for q ¼4 the solid green curve for yr4e ðrÞ is ﬂat
and lies very close to its upper limit value of þ1 over a
substantial fraction of the ‘data region’. Consequently, loworder expansions in that variable would have difﬁculty
providing accurate representations of properties that vary
signiﬁcantly across this domain. In contrast, the dashed
green curve shows that the corresponding variable,
1:5 re
ðrÞ ¼ y4 ðr; r ref ¼ 1:5 r e Þ, undergoes signiﬁcant
rref
4 ðrÞ ¼ y4
change across the whole data region, and hence may be
expected to provide a more robust and compact description of properties that vary across this whole domain.
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The expansion variable of Eq. (1) is a special case of a
more general expansion variable introduced by Šurkus
et al. [27] (see Section 2.5), who used it to represent the
potential energy function as a simple power series in yrpe ðrÞ,
with a recommended value of p based upon that of the
asymptotically dominant inverse-power term in the longrange intermolecular potential for the state of interest.
However, in other potential forms (see Sections 2.2–2.4)
this power does not deﬁne the limiting long-range behaviour: rather, its introduction there was based on ﬁndings
[12,35–38] that an expansion in powers of yrqe ðrÞ using
some (small) integer power of q 41 (say, q ¼ 2 4), rather
than q ¼1, greatly reduces the propensity for the resulting
expansion to extrapolate badly outside the radial interval
to which the data are most sensitive. This same concern
with attaining physically reasonable extrapolation behaviour has also been part of the motivation for introducing
the option of setting r ref at a (user-selected) value differing
from the conventional molecular expansion centre of re.
In any case, values of r ref and q (and p, for the MLR form
of Section 2.3) must be selected by the user, and speciﬁed
in the main input data ﬁle. Some guidance regarding how
to choose appropriate values of these parameters may be
found below and in Refs. [30,33].
2.2. The Expanded Morse Oscillator (EMO) potential function
The ﬁrst potential function form considered here is the
Expanded Morse Oscillator or EMO function [39], which has the
form of a Morse potential [40] in which the exponent coefﬁcient varies with distance. Two similar functions of this type
were introduced by other authors: the Generalized Morse
Oscillator or ‘GMO’ potential function of Coxon and Hajigeorgiou [41], and the Modiﬁed Morse Oscillator or ‘MMO’
potential function of Dulick and co-workers [42]. However,
because of its simpler structure and better extrapolation
behaviour, only the EMO form is considered here.
An EMO potential has the form

2
V EMO ðrÞ ¼ De 1  e  βðrÞðr  re Þ ;
ð3Þ
in which De is the well depth, re the equilibrium internuclear distance, and
βðrÞ ¼ βEMO ðyref
q ðrÞÞ ¼

Nβ
X

i
βi yref
q ðrÞ :

ð4Þ

i¼0

While the earlier work based on this form used yrqe ðrÞ as
the expansion variable in Eq. (4), rather than yref
q ðrÞ, the
latter is employed here because allowing r ref a r e introduces considerable additional ﬂexibility. In a previous
version of this code [43], this exponent polynomial was
broken into two, with different polynomial orders being
used for r 4r e and r o r e . However, the ﬂexibility provided
re
by using yref
q ðrÞ as the expansion variable rather than yq ðrÞ
has made this complication unnecessary, and allowed its
high-order-derivative discontinuities at r ¼ r e to be
eliminated.
The EMO potential form has been used successfully in a
number of demanding data analyses involving both normal
single-well potentials [38,39,44,45] and a state whose
potential function has an additional ‘ripple’ [37]. However,

the fact that ½De V EMO ðrÞ dies off exponentially at large r
means that it provides a poor representation for the longrange parts of all potential energy functions, a deﬁciency that
is particularly troublesome for electronic states for which
experimental data extends fairly close to the dissociation
limit. This shortcoming is addressed by the potential function
forms described the next two subsections.
2.3. The Morse/Long-Range (MLR) potential function
At long range, all intermolecular potential functions
may be described as a sum of inverse-power terms
V ðr Þ C D 

C m1 C m2 C m3


 ⋯;
r m1 r m2 r m3

ð5Þ

in which the powers m1, m2 , …, etc., are determined by the
nature of the atoms into which the given molecular state
dissociates [46–51], and the coefﬁcients C mi may often be
calculated ab initio. For cases in which realistic estimates
of one or more of the long-range potential coefﬁcients C mi
are available, it is always desirable to use a potential form
with the limiting behaviour of Eq. (5), especially if the
available experimental information extends fairly close to
the dissociation limit D. These considerations instigated
the development of the Morse/Long-Range or MLR potential energy functional form [28–30,33],


uLR ðrÞ  βðrÞyrpe ðrÞ 2
V MLR ðr Þ ¼ De 1 
e
;
ð6Þ
uLR ðr e Þ
in which De is the well depth, re the equilibrium internuclear
distance, the exponent coefﬁcient βðrÞ ¼ βMLR ðyref
fp=qg ðrÞÞ is a
relatively slowly varying function of r, while uLR(r) incorporates the attractive limiting long-range form imposed by
theory for a particular case, namely,
uLR ðr Þ ¼

last
X
Cm
C m1 C m2
C mi
þ
þ⋯ þ m last ¼
;
r m1 r m2
r last
r mi
i¼1

ð7Þ

and uLR ðr e Þ is its value at re. The potential energy function of
Eq. (6) is an extended form of what had been called the
‘Morse/Lennard-Jones’ or MLJ potential function form [52–
54], which corresponds to a case in which the sum in Eq. (7)
consists of a single inverse-power term, for which case the
pre-exponential factor in Eq. (6) reduces to ðr e =rÞm1 .
A deﬁning feature of the MLR function is the fact that


lim βMLR ðrÞ  β1 ¼ ln 2 De =uLR ðr e Þ :
ð8Þ
r-1

Since the pre-factor to the exponential term in Eq. (6) is
equal to 1 at the equilibrium distance, re, and yrpe ðrÞ- þ 1 as
r-1, at large distances Eq. (6) becomes
1
½uLR ðrÞ2 C De
4De
!2
last
last
X
X
C mi
1
C mi

þ
:
r mi 4De i ¼ 1 r mi
i¼1

V MLR ðr Þ CDe  uLR ðr Þ þ

ð9Þ

This indicates that although the MLR function does take on
the form of Eq. (7) at long range, if 2 m1 r mlast , the
quadratic term in Eqs. (6) and (9) would change the longrange behaviour speciﬁed by Eq. (7) by adding additional
terms with powers 2m_i r mlast . This problem is most
serious for cases in which m1 ¼ 3 [28], but can also cause
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difﬁculties for systems with larger m1 values [15]. However, it is resolved here by the fact that, as necessary, the
code internally modiﬁes the input C mi coefﬁcients, and/or
adds additional terms, so as to precisely cancel the effect of
those non-physical quadratic long-range terms, as was
illustrated by the discussion of the coefﬁcients C adj
6 ¼ C6 þ
adj
ðC 3 Þ2 =4De and C adj
¼
C
C
=2D
for
the
m
¼
3
case in
e
3
1
9
6
Ref. [28].
In order to use the MLR potential form, it is clearly
necessary to know appropriate values for the powers fmi g
and to have realistic estimates for the coefﬁcients fC mi g. If
no realistic estimate for the leading (smallest-power)
coefﬁcient C m1 is available, then the MLR form has no
signiﬁcant advantages over the simpler EMO function, and
the latter will likely be more ‘robust’. However, if the
leading long-range term is the only one for which a reliable estimate of the coefﬁcient (C m1 ) is available, experience suggests that more realistic extrapolation behaviour
will be achieved if a second term with some plausible ad
hoc estimate of C m2 is also included.
The exponent coefﬁcient function βðrÞ must both
asymptotically approach the value β1 deﬁned by Eq. (8),
and be sufﬁciently ﬂexible to provide an accurate
description of the shape of the potential energy well. To
this end, it has normally been represented as a constrained
polynomial expansion (PE) in the variable yref
q ðrÞ, in which
a second radial variable yref
p ðrÞ acts as a switching function
that constrains βðrÞ to approach the speciﬁed asymptotic
values of β1 [12,29,35,36,55]:
βðrÞ  βPE  MLR ðyref
fp=qg ðrÞÞ
Nβ
h
iX
i
ref
βi yref
 yref
p ðrÞβ1 þ 1  yp ðrÞ
q ðrÞ :

ð10Þ

i¼0

Although most early work with this model was performed
with q ¼p, it has since been shown that use of a separate
power q in the power-series portion of Eq. (10), usually
with q o p, will often lead to more compact and robust
expressions for the potential energy function [28,33,34].
The limiting long-range behaviour of the exponential
term in Eq. (6),

re
Ap Ap;q
e  βðrÞyp ðrÞ Ce  β1 1 þ p þ p þ q þ ⋯
r
r

Ap Ap;q
uLR ðr e Þ
1 þ p þ p þ q þ⋯ ;
ð11Þ
¼
2 De
r
r
must also be taken into account [28,30]. This expression
shows that this exponential factor will change the longrange behaviour from that speciﬁed by Eq. (7) unless the
integer p deﬁning the radial variable of Eqs. (1) and (6) and
the switching function variable in Eq. (10) is set to a value
greater than the difference between the largest and
smallest (inverse) powers of the terms included in the
chosen deﬁnition of uLR(r), i.e., p 4 ðmlast  m1 Þ [28,33]. In
practise, it may also be desirable to set p equal to the
difference between the leading power m1 and the power of
the ﬁrst long-range term predicted by theory that is not
included in the chosen deﬁnition of uLR ðrÞ, p ¼ ðmnext  m1 Þ,
as this would cause the leading contribution of Eq. (11) to
the long-range potential to have the same 1=r mnext radial
behaviour as that ﬁrst missing term.
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The above condition will often require the use of relatively large values of p (e.g., p Z6), which means that the
radial variables yrpe ðrÞ and yref
p ðrÞ will be fairly ﬂat and close
to their common upper limits over a relatively wide range
of r (see Fig. 1). However, the use of a separate smaller
power q to deﬁne the expansion variable yref
q ðrÞ, together
with the ability to vary the location of the (common)
expansion centre r ref , ensure the presence of adequate
functional ﬂexibility for the exponent coefﬁcient function
βPE  MLR ðrÞ, and as shown by Eq. (11), the choice of q does
not affect the leading deviation from the limiting longrange behaviour arising from the exponential term. Note,
however, that experience suggests that for very small
values of q such as 1 or 2, βPE  MLR ðrÞ is more likely to
misbehave in the extrapolation region at very short distances, and/or in the interval between the ‘data region’ and
the long-range region where the potential ﬁnally takes on
the form De  uLR ðrÞ [35,36]. At the same time, for too large
values of q the variable yref
q ðrÞ will lie very close to its
limiting upper bound (of þ1) over an increasingly wide
range of values of r (see Fig. 1), and the order of polynomial
required to attain a satisfactory ﬁt to the input points may
become inconveniently large [28]. Thus, there is no deﬁnitive suggestion regarding choice of a value for q, so use
of the MLR-PE form will normally require experimentation
for each case.
2.3.1. A more general deﬁnition of uLR(r): inclusion of
damping functions
While all potential energy functions take on the limiting form of Eq. (5) for very large r, at shorter distances,
overlap of the electron distributions of the interacting
atoms reduces the strength of the interaction energies
associated with the even-inverse-power ‘dispersion’ terms
that contribute to this expression. This led a number of
groups to propose models for representing such ‘damping’
behaviour [56–60]. Moreover, Eq. (9) shows that for an
MLR potential the quadratic term in Eq. (6), which deﬁnes
the short-range repulsive wall of an MLR potential, contains the factor ½uLR ðrÞ2 . Thus, at very short range the
strength of this term would grow as 1=r 2mlast , which is
much steeper than the typical exponential-type behaviour
expected for the repulsive wall of a normal potential
energy function. These concerns instigated the implementation of an (optional) alternate deﬁnition for the
long-range potential incorporated in Eq. (6), namely,
Cm
Cm
Cm
uLR ðr Þ ¼ Dm1 ðr Þ m 1 þDm2 ðr Þ m 2 þ⋯ þDmlast ðr Þ m last
r 1
r 2
r last
last
X
Cm
¼
Dmi ðr Þ m i ;
r i
i¼1

ð12Þ

in which the Dm(r) are referred to as “damping functions”.
Program betaFIT allows use of the two families of damping functions introduced in Ref. [33], speciﬁcally, a generalized version of a function introduced by Douketis et al.
[58],
(
!)m þ s
ds
b ðsÞðρ rÞ cds ðsÞðρ rÞ2
dsðsÞ

; ð13Þ
Dm ðr Þ ¼ 1 exp 
m
m1=2
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and a generalized version of the Tang–Toennies damping
function [59,61]
tt

b
DttðsÞ
m ðr Þ ¼ 1  e

ðsÞðρ rÞ

mX
1þs
k¼0

tt

k

½b ðsÞ  ðρ rÞ
:
k!

ð14Þ

For both these damping function forms r has units Å,
while ρ is a dimensionless, system-dependent range-scaling factor. Moreover, both these families of functions have
the same limiting short-range behaviour [33],
n
o
m
lim DðsÞ
p rs :
ð15Þ
m ðrÞ=r
r-1

Hence, incorporation of Eq. (12) into the MLR functional
form would cause the limiting very short-range behaviour
of the repulsive wall to be proportional to r 2s . This means
that the value of s must be set r0 in order to prevent the
potential from turning over and going to zero as r-0.
Scoles and Thakkar and co-workers [58] suggested that
such damping functions be deﬁned by reference to the
accurately known damping of the leading dispersion terms
in the long-range non-bonding interaction of two groundstate H atoms. Least-squares ﬁts to those ab initio H-atom
damping function results [62] yielded values of the
ds

tt

system-independent parameters b ðsÞ, cds ðsÞ, and b ðsÞ for
a range of values of the limiting short-range power ‘s’ of
Eq. (15) [33], and those values are built into program
betaFIT. In Ref. [58] it was also suggested that the systemdependent scaling parameter for molecule AB be deﬁned


as ρ  ρAB ¼ 2 ρA ρB =ðρAd þρB Þ , with ρA=B deﬁned in terms
of the ratio of the ionization potential of the atom of
interest to that for ground-state atomic hydrogen, viz.,
ρA  I Ap =I H
p

2=3

.

Note,

however,

that

other

system-

dependent scaling factors have also been proposed [63].
Program betaFIT allows the user to choose to deﬁne
uLR(r) in terms of either Eq. (7) or (12), and to use either
Eq. (13) or (14) to represent the damping functions, but it
also requires the user to specify a value for the limiting
short-range power, s and the range-scaling parameter ρ.
Note that Ref. [33] recommended the use of the Douketistype damping function (13) with s ¼  1.
2.3.2. Treatment of interstate coupling near the asymptote:
states of alkali homodimers dissociating to X(nS) þ X(nP)
The above discussion of the MLR form focused upon
use of the inverse-power sums of Eq. (7) or (12) to
represent the long-range potential. However, there is no
need to restrict uLR(r) to these forms, and in applications to
states of Li2 dissociating to the Lið21=2 P þLi2 ð21=2 P Þ asymptote, uLR(r) has been represented by one of the roots of a
diagonalization arising from two-state [28,64] or threestate [34,65] coupling near that asymptote. In particular,
the theory of interstate mixing presented in Refs. [66,67]
shows that (omitting damping) the expressions for the
2  2 roots may be written in closed form as
Aso C Σ3 þC Π
C Σ6 þ C Π
C Σ8 þC Π
3
6
8
þ
þ
þ
2
2 r3
2 r6
2 r8
(
1
C Σ3  C Π
C Σ6  C Π
C Σ8 C Π
3
6
8
7
þ
þ
Aso
2
3 r3
3 r6
3 r8

uALR F ðr Þ ¼ 

2

 Σ
C  C Π C Σ C Π C Σ  C Π
þ8 3 3 3 þ 6 6 6 þ 8 8 8
3r
3r
3r

2

)1=2
;

ð16Þ

in which Aso is the (positive) separation between the 2 P 1=2
and 2 P 3=2 atomic spin–orbit level energies, and fC Σm =C Π
mg
are the long-range coefﬁcients associated with the relevant coupled states [28]. Use of the ‘ þ’ sign with the
square root term yields the correct long-range tails for the
A1 Σ uþ states of homonuclear alkali dimers, while use of the
‘  ’ sign yields those for the 0uþ component of their b3 Π u
states [66,67].
The analogous expressions for the long-range tails of
the 13 Σ gþ or B1 Π u state alkali dimer potentials involve use
of, respectively, the lowest and middle roots of the 3  3
coupling matrix of Ref. [67]. The implementation in program betaFIT is based on the description of that result
presented in Eq. (7) of Ref. [65] [28,65], with the extension
that the present implementation of these special cases
allows the inclusion of damping functions with all of the
cases for m¼3, 6, and
six fC Σm =C Π
m g coefﬁcients of the 2  2
Σ 1=3 Π
8, and all of the analogous nine fC m
g coefﬁcients for the
3  3 cases. The ease with which it can incorporate these
special cases further illustrates the capabilities of the MLR
functional form.

2.3.3. A spline-pointwise representation of the MLR exponent coefﬁcient βðrÞ
Most existing applications of the MLR potential have
been based on use of the constrained polynomial expansion of Eq. (10) to represent the exponent coefﬁcient βðrÞ.
However, while preliminary work on its application to
double-minimum and shelf-state potentials has shown
some promise [68,69], it has not yet been demonstrated to
be capable of providing practical, compact and accurate
representations of potential functions for such cases. In
contrast, a novel approach introduced by Pashov and coworkers, in which the potential is deﬁned as a cubic spline
through a set of points whose ordinate values are the
parameters of the model, has proven to be remarkably
successful for such cases [9–11]. However, that approach
requires the use of a relatively large set of points/parameters (typically ≳50) to deﬁne a potential function
accurately. Moreover, both short-range extrapolations and
the theoretically predicted inverse-power long-range tail
may only be attached in an ad hoc manner, and the
resulting function lacks high-order analytic continuity at
all 50 or so spline points, as well as at the long- and shortrange extrapolation-connection points.
A way of combining these approach that is now under
investigation [70] is the ‘Spline-Exponent-MLR’ (SE-MLR)
function, which uses the Pashov ‘spline-pointwise’
approach to deﬁne the exponent coefﬁcient βðrÞ in the
MLR potential function form of Eq. (6). In particular, βðrÞ is
deﬁned as a ‘natural’ cubic spline function passing through
ref
βðr j Þ ¼ βðyref
q ðr j ÞÞ values at a speciﬁed set of yq ðr j Þ values,
and those βðr j Þ values become the parameters that deﬁne
the shape of the potential. Following the original Pashov
approach [9,71], the exponent coefﬁcient function is
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written as
βðrÞ ¼ βSE  MLR ðrÞ ¼

Nβ
X

Sk ðyref
q ðrÞÞβk ;

ð17Þ

k¼1

in which the ‘spline basis functions’ Sk yref
are comp ðrÞ
pletely deﬁned by the chosen mesh of values of yref
q ðr j Þ. In
this case, the connection to the long-range behaviour of
Eq. (9) is provided by the constraint of ﬁxing βNβ ¼ β1 . A
straightforward application of the chain rule of calculus
yields the partial derivatives required for the least-squares
ﬁt procedure; for example,


∂VðrÞ
uLR ðrÞ  βðrÞyrpe ðrÞ
e
¼ 2 De 1 
∂βk
uLR ðr e Þ

uLR ðrÞ  βðrÞyeq
p ðrÞ
e
ð18Þ
yrpe ðr ÞSk yref

q ðr Þ :
uLR ðr e Þ
Thus, although the least-squares problem is still non-linear, some computational simpliﬁcations occur because the
Sk ðyref
p ðrÞÞ functions do not depend on the parameter
values fβk g.
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Experience suggests that when using the SE-MLR form,
the radial variable yref
q ðrÞ used to deﬁne βðrÞ should normally be deﬁned by a value of r ref that is signiﬁcantly
greater than re, in order to ensure that the chosen mesh of
points samples the full range of yref
q ðrÞ values fairly uniformly [70]. This consideration is illustrated in Fig. 2,
which compares the SE-MLR exponent coefﬁcient functions determined from ﬁts to an extensive data set for the
X 1 Σ gþ state of Ca2 [30,70,72] that was carried out using
r ref ¼ r e (blue round points, curve, and lines), and
r ref ¼ 1:5 r e (red square points, curve, and lines). In each
case two points, equally spaced in yref
q ðrÞ, were placed at
r o r e , and 13 points, equally spaced in yref
q ðrÞ were placed
at r 4 r e , while one more point was placed at r ¼ r e and the
ﬁxed point βNβ ¼ β1 placed at yref
q ¼ 1 deﬁnes the r-1
limit. From the distributions of points for the two cases
shown in Fig. 3, it will be intuitively clear that for the same
number of spline points, it will be easier to obtain an
accurate description of βðrÞ for this case using points based
on r ref ¼ 1:5 r e , as they are distributed more evenly across

Fig. 2. Comparison of βðyref
q ðrÞÞ functions for ground-state Ca2 determined from DPFs of spectroscopic data to SE-MLR models based upon r ref ¼ r e (blue
round points and curve), and r ref ¼ 1:5 r e (red square points and curve) (ﬁgure taken from Ref. [70]). (For interpretation of the references to color in this
ﬁgure caption, the reader is referred to the web version of this paper.)

Fig. 3. Schematic illustration of the form of a DELR potential function for representing a barrier-state potential (solid curve) and its components (dashed
and dot-dash curves) (adapted from Fig. 1 of Ref. [12]).
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the yq(r) domain. Further work on developing and testing
this approach is now under way.
2.4. The Double-Exponential/Long-Range (DELR) model
potential
A need for a ﬂexible analytic potential function form
with a barrier that protrudes above the potential asymptote for distances r 4 r e instigated the development of the
Double-Exponential/Long-Range (DELR) potential function
model [12,35]. This function is written as [73]:
V DELR ðrÞ ¼ A e  2 βðrÞðr  re Þ  B e  βðrÞðr  re Þ þ De uLR ðrÞ;

ð19Þ

in which the exponent coefﬁcient βðrÞ is deﬁned by the
same simple power series in yrqref ðrÞ that was used for the
EMO potential, Eq. (4), while the long-range tail function
uLR(r) may be represented by any one of the functions
discussed in Section 2.3. A schematic illustration of the
nature of a DELR potential function for which uLR(r) is
negative (repulsive) is shown in Fig. 3.
The only current published application of this form [12]
set r ref ¼ r e and used different power-series orders for
r r r e and for r 4 r e in order to prevent unphysical extrapolation behaviour at small r. However, subsequent
experience with the MLR form has led us to believe that
this βðrÞ function should be treated as a single simple
polynomial in the new expansion variable yrpref ðrÞ, and that
placing the expansion centre r ref at some distance greater
than re would ensure stable short-range behaviour:
experience to date validates this assumption. In this
model, the presence of a repulsive leading term in the
additive long-range function uLR(r) (which, in principle,
may be attractive or repulsive) would introduce a potential
function barrier at a distance beyond the main well, as is
seen in Fig. 3.
The pre-exponential coefﬁcients A and B in Eq. (19) are
deﬁned in terms of the overall well depth De (relative to
the potential asymptote), the position of the potential
minimum, re, and the properties of the exponent coefﬁcient function βðrÞ and the long-range tail function uLR(r) at
that minimum:
A ¼ De uLR ðr e Þ u0LR ðr e Þ=βðr e Þ;

ð20Þ

B ¼ 2 De  2 uLR ðr e Þ  u0LR ðr e Þ=βðr e Þ;

ð21Þ

u0LR ðr e Þ  ½duLR ðrÞ=drr ¼ re .

in which
If uLR ðrÞ ¼ 0 the DELR
potential becomes the EMO function of Eq. (3). However,
other choices of uLR(r) allow it to represent the outer wall of
a potential function with a barrier [12], a multi-term
attractive inverse-power long-range potential, or even the
outer wall of a double-minimum or shelf-state potential [73].
In general, uLR(r) should be represented by the damped
long-range expansion of Eq. (12), rather than by the
undamped expansion of Eq. (7), since the short-range
singularities of attractive inverse-power terms in the latter would cause the potential energy function to turn over
at small distances. Moreover, the damping-function shortrange parameter must be set as s Z0 if the higher-order
C mi coefﬁcients are positive (attractive), since otherwise
the negative singularities implied by Eq. (15) would cause
the potential wall to turn over at small r. Of course, other

damping function expressions [57,60] or entirely different
types of expressions for uLR(r) could be used in the DELR
potential form.
2.5. The Generalized Potential Energy Function (GPEF) of
Šurkus
The fourth family of potential functions implemented
in betaFIT is a generalization of the familiar Dunham
polynomial potential [23] that Šurkus et al. [27] introduced
and named the Generalized Potential Energy Function
(GPEF). Using the modiﬁed (but equivalent) expression for
the Šurkus radial expansion variable devised by Seto [74],
the GPEF potential form is written as
"
#
N
X
cm zm
ð22Þ
V GPEF ðrÞ ¼ c0 z2q 1 þ
q ;
m¼1

with
zq 

ðr q r qe Þ
:
ðaS r q þ bS r qe Þ

ð23Þ

For appropriate choices of the (ﬁxed) parameters aS and bS,
this expansion variable takes on a number of familiar
forms:

 setting q ¼ 1, aS ¼0 and bS ¼1 yields the Dunham
expansion variable [23]: z ¼ ðr  r e Þ=r e ;

 setting q ¼ 1, aS ¼1 and bS ¼0 yields the Simons–Parr–
Finlan (SPF) expansion variable: [24]: z ¼ ðr  r e Þ=r;

 setting q ¼ 1, aS ¼ bS ¼ 0:5 yields the Ogilvie–Tipping
(OT) expansion variable [26]: z ¼ 2ðr  r e Þ=ðr þ r e Þ;

 setting aS ¼ bS ¼ 1 yields the expansion variable of
Eq. (1);

 setting q ¼1, aS ¼ 1 and ﬁxing bS at some small value
yields the type of asymmetric expansion variable used
by Tiemann and coworkers [72,75].
For aS a0, this function always asymptotically approaches a ﬁnite limit with a 1=r q functional behaviour. Thus, if
appropriate constraints are applied to the coefﬁcients,
such an expansion may in principle be required to have the
theoretically predicted limiting long-range behaviour of
Eq. (5) [27,76]. However, apart from the relatively simple
case in which q is set equal to the power of the leading
long-range term in Eq. (5) [27], such constraints have
proven to be too unwieldy for practical use.

3. Methodology
3.1. Preliminary estimates of non-linear parameters
The ﬁrst three of the potential function forms described
above are based on an exponential term whose exponent
coefﬁcient βðrÞ is expanded as a power series in the radial
variable yref
q ðrÞ of Eq. (2). Such potential functions are nonlinear functions of the expansion coefﬁcients βi, so an
approximate method must be devised to obtain the realistic initial trial values for these parameters that are
required in order to initiate the non-linear least-squares
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ﬁts. This is done in betaFIT by ﬁrst ﬁtting to a linearized
version of the potential function equation. For example,
Eq. (3) for the EMO potential may be re-arranged to yield
the following expressions for the exponent in the exponential term:
(
ðr  re ÞβðrÞ ¼  ln 1 7

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ)
Nβ
h
ii
X
VðrÞ  VMIN
¼ ðr  r e Þ
βi yref
q ðrÞ :
De
i¼0

ð24Þ
The þ and  signs in the logarithmic term correspond,
respectively, to the inner (r o r e ) and outer branches of the
potential well. Values of the logarithmic term in Eq. (24) are
deﬁned by the input data points, and the resulting expression
is a linear function of the expansion parameters βi. Thus, if
plausible initial values of the physical parameters re (  Re),
De (  De) and the energy of the potential minimum VMIN are
provided in the input data ﬁle, a simple linear ﬁt to Eq. (24)
will yield realistic values of the βi parameters for use in the
subsequent direct non-linear ﬁts to Eq. (3).
Although the algebra is somewhat more complicated,
essentially the same approach is employed to determine
initial estimates of the expansion parameters for a PE-MLR
potential. If Eq. (10) is used to represent the exponent
coefﬁcient function, the exponent in exponential term of
Eq. (6) may be written as:
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ!
(
)
VðrÞ  VMIN uLR ðr e Þ
re
yp ðr Þβðr Þ ¼ ln
17
De
uLR ðrÞ
(
)
Mβ
X
i
ref
ref
ðrÞβ
þ½1

y
ðrÞ
β
y
ðrÞ
¼ yrpe ðrÞ yref
:
1
i q
p
p
i¼0

ð25Þ
in which the 7signs in the logarithmic term have the
same signiﬁcance as in Eq. (24). As was the case for the
EMO potential, this logarithmic term is a simple linear
function of the βi exponent expansion parameters.
For the case of an SE-MLR potential, in which the
exponent coefﬁcient function βðrÞ is represented by a
spline function passing through a speciﬁed set of yref
q ðr i Þ
values, this linearization step consists of simply using
spline interpolation through the exponent function
deﬁned by the ﬁrst line of Eq. (25) to determine their
values at the chosen grid of fyref
q ðr i Þg values, and dividing
the results by the associated values of fyrpe ðr i Þg to obtain the
desired fβi ¼ βðr i Þg values. Note, however, that this step
must avoid placing one of those grid point too close to the
distance r ¼ r e , since at that point yrpe ðrÞ ¼ 0, and both sides
of Eq. (25) vanish. The current version of betaFIT addresses this problem simply by deﬁning the grid point closest
to re to be yref
q ðr e Þ 0:5.
For the DELR potential the situation is a little more
complicated, since in the analog of Eq. (24), which is
βðrÞðr r e Þ ¼ ln

8
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ9

< B
VðrÞ  VMIN De þuLR ðrÞ
B 2=
7
þ
:2 A
A
2A ;

¼ ðr r e Þ

Nβ
X

h
ii
βi yref
q ðrÞ ;

ð26Þ

i¼0

the logarithmic term depends upon the value of βðr e Þ (and
hence upon the values of the βi expansion parameters),
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through the deﬁnitions of the exponential term prefactors
A and B (see Eqs. (20) and (21)). For this reason it is
necessary to apply the ﬁt to Eq. (26) iteratively in order to
generate a self-consistent value of βðr e Þ and set of trial βi
values. However, experience indicates that virtually any
non-zero initial trial value of βðr e Þ will serve as an adequate starting point, so this apparent problem presents no
practical difﬁculty.
Since GPEF potential functions are simple polynomials,
their ﬁts are only non-linear with respect to the equilibrium distance re, and hence there is no need for any
preliminary estimates of their cm expansion parameter,
and the ﬁts will converge rapidly for any realistic initial
trial value of re.
3.2. Uncertainties and parameter rounding
In any least-squares ﬁt, each datum should be weighted
by the inverse square of its uncertainty. The current version
of betaFIT allows all input potential points to be equally
weighted by a common read-in uncertainty UNC, but if the
value input for UNC is set r 0:0, the program will read in a
separate uncertainty ui for each datum i. The quality of a ﬁt
of an M-parameter model to N d input data, which yields the
predicted quantities {ycalc(i)}, is indicated by the value of
the dimensionless-root-mean-square-deviation,
(
 )1=2
Nd
1 X
ycalc ðiÞ  yobs ðiÞ 2
;
ð27Þ
DRMSD  dd ¼
N i¼1
uðiÞ
or pby
the dimensionless
standard error DSE  σ f ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ
dd Nd =ðNd MÞ.
Note that if one is using betaFIT to attempt to obtain an
accurate analytic representation of a set of ab initio points,
it is extremely important to have realistic estimates of
their uncertainties in order to prevent the ﬁt from being
totally dominated by one region or another: for example
by focussing on and ﬁtting accurately to the points on a
very steep short-range wall where the energies are very
large, or focussing on a long-range region where there may
be many points, but the interaction energy is very small.
In addition to reporting the 95% conﬁdence limit
(approximately ‘two-σ’) uncertainty in each ﬁtted parameter, betaFIT follows the approach of Ref. [77] by always
also listing the associated “parameter sensitivity” (identiﬁed
as PS in the output). This quantity is deﬁned (see Eq. (4) of
Ref. [77]) as the magnitude of the largest change in the
given parameter whose effect on the predictions of the
model could increase σ f by a maximum of ð0:1=MÞσ f . In
other words, the parameter sensitivity indicates the degree
to which any particular ﬁtted parameter value may be
rounded off while having no signiﬁcant effect (within the
uncertainties) on the ability of the resulting parameter set
to predict the input data accurately. For the illustrative cases
considered in Ref. [77], rounding off all parameters at the
ﬁrst signiﬁcant digit of their sensitivity had no signiﬁcant
effect on the values of σ f or dd to three signiﬁcant digits.
Another feature of betaFIT is its implementation of the
(optional) automated “sequential rounding and reﬁtting”
(SRR) procedure of Ref. [77], which minimizes the total
number of signiﬁcant digits required to represent the
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overall parameter set with no (signiﬁcant) loss of accuracy.
Application of this procedure is turned on or off by the
value of the ﬂag IROUND that is set by the user in the input
data ﬁle. One would normally turn this ﬂag off (by setting
IROUND ¼0) for preliminary analyses, and only turn it on
when one wishes to generate a ﬁnal parameter set to
report and distribute. However, for the type of problem
addressed by betaFIT, the difference in absolute computation time for these two cases is very small. As was discussed in Ref. [77], in many cases setting IROUND ¼ 7 1
yields an excellent degree of rounding without signiﬁcant
loss of precision (the ﬁrst author prefers IROUND ¼  1).
However, in betaFIT applications, it is often necessary to
set jIROUNDj4 1 to obtain a rounded parameter set that
reproduces the observables to the desired degree of
precision.
3.3. Input/output conventions, and program execution
The array dimensions assumed by betaFIT are set by
the (identical) ‘PARAMETER’ statements located near the
beginning of the Main program and of subroutines DYIDPJ
and Lkoef, at lines #16, 1274 and 1753, respectively, in the
source code, and may be changed by a user, as needed. The
current settings allow for up to 1001 input potential
function points and up to 50 expansion parameters, while
the long-range tail of Eq. (7) or (12) may include up to
25 terms.
Program betaFIT requires one input data ﬁle, which it
reads in ‘free-format’ form on Channel-5, and it writes its
main output to Channel-6. A compact supplementary
listing of the results of each ﬁt in a form that facilitates its
being incorporated into an input instruction ﬁle for program PotFit [78] is also written to Channel-7. If desired,
listings of values of the resulting functions may be written
to Channel-8. The structure of the input data ﬁle and the
deﬁnitions of and options for the various input quantities
are presented in Appendices A and B of the Supplementary
Material accompanying this paper.
The source code was written in the FORTRAN language,
and has been tested using the SUN FORTRAN-77 and FORTRAN90, and COMPAQ compilers, as well as the public domain
GFORTRAN compilers.
If one is executing betaFIT in a UNIX or Linux operating
system environment, it may be convenient to do so using a
shell (named, say, rbeta) such as that shown below, which
may be stored in the system or user's bin directory:
#UNIX shell ‘beta’ to execute the compiled
# program betaF:x with input data file $1:5
# and output to $1:6; $1:7; & $1:8
time=home=rleroy=betaFIT=code=betaF:x o $1:5 4 $1:6
mv fort:7 $1:7 4 & =dev=null
mv fort:8 $1:8 4 & =dev=null

in which userpath is a path specifying the location of the
executable ﬁle betaF.x on the user's computer. This shell
allows the program to be executed using the input ﬁle
‘molec.5’ with the simple command:
rbeta molec
in which molec is the particular name assigned by the user

to an input data ﬁle named molec.5 that contains a list of
the potential points being ﬁtted to and the user's instructions
regarding what ﬁts are to be performed. The root component
of this ﬁlename, molec, may be chosen arbitrarily by the
user. In this case, the standard output to Channel-6 will be
written to ﬁle molec.6 and the Channels-7 and 8 output to
ﬁles molec.7 and molec.8, respectively, in the same
directory as the molec.5 Channel-5 input data ﬁle.

4. Concluding remarks
The problem that led to the creation of program betaFIT was the need for the plausible sets of initial trial
parameters that are required to initiate direct potential ﬁts
(DPFs) to large bodies of experimental data using tools
such as program dPotFit [78,79]. However, betaFIT may
also prove useful for providing fully analytic functions to
represent sets of high-quality ab initio potential energy
values, since having an effective analytic model to represent such data can be as important as the ab initio results
themselves. Extensions of the present methodology to the
representation of ab initio results for multi-dimensional
atom plus linear molecule and linear-molecule plus linearmolecule interactions have already proved their worth
[80–83].
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Appendix A. Supplementary data
Supplementary materials associated with this paper
consist of: a text ﬁle containing the full standalone FORTRAN
source code for program betaFIT, a text ﬁle containing the
sample data ﬁles that are presented in Appendix C, and a
document containing: (i) Appendix A, a structured listing
of the READ statements in the program, (ii) Appendix B full
deﬁnitions of all of the parameters and quantities read in
the input data ﬁle, and descriptions of the associated
program options, and 1 (iii) Appendix C, commented listings of illustrative sample input and output data ﬁles for
various cases. Anyone who wishes to be Registered with
the author as a user of this code, eligible to be sent any
future bug ﬁxes or updates, should ﬁll in the online form at
the www address http://scienide2.uwaterloo.ca/ rleroy/
betaFIT16.
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