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This paper describes program dPotFit, which performs least-squares ﬁts of diatomic
molecule spectroscopic data consisting of any combination of microwave, infrared or
electronic vibrational bands, ﬂuorescence series, and tunneling predissociation level
widths, involving one or more electronic states and one or more isotopologs, and for
appropriate systems, second virial coefﬁcient data, to determine analytic potential energy
functions deﬁning the observed levels and other properties of each state. Four families of
analytical potential functions are available for ﬁtting in the current version of dPotFit: the
Expanded Morse Oscillator (EMO) function, the Morse/Long-Range (MLR) function, the
Double-Exponential/Long-Range (DELR) function, and the ‘Generalized Potential Energy
Function' (GPEF) of Šurkus, which incorporates a variety of polynomial functional forms.
In addition, dPotFit allows sets of experimental data to be tested against predictions
generated from three other families of analytic functions, namely, the ‘Hannover Polynomial’ (or “X-expansion”) function, and the ‘Tang–Toennies’ and Scoles–Aziz ‘HFD’,
exponential-plus-van der Waals functions, and from interpolation-smoothed pointwise
potential energies, such as those obtained from ab initio or RKR calculations. dPotFit also
allows the ﬁts to determine atomic-mass-dependent Born–Oppenheimer breakdown
functions, and singlet-state Λ-doubling, or 2 Σ splitting radial strength functions for one or
more electronic states.
dPotFit always reports both the 95% conﬁdence limit uncertainty and the “sensitivity”
of each ﬁtted parameter; the latter indicates the number of signiﬁcant digits that must be
retained when rounding ﬁtted parameters, in order to ensure that predictions remain in
full agreement with experiment. It will also, if requested, apply a “sequential rounding
and reﬁtting” procedure to yield a ﬁnal parameter set deﬁned by a minimum number of
signiﬁcant digits, while ensuring no signiﬁcant loss of accuracy in the predictions yielded
by those parameters.
& 2016 Elsevier Ltd. All rights reserved.
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1. Introduction
In recent years, it has become increasingly common to
analyze diatomic molecule spectroscopic data by performing “direct potential ﬁts”, in which observed transition energies are compared with eigenvalue differences
calculated from an effective radial Schrödinger equation
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http://dx.doi.org/10.1016/j.jqsrt.2016.06.002
0022-4073/& 2016 Elsevier Ltd. All rights reserved.

based on a parameterized analytic potential energy function. This effective radial Hamiltonian may also include
radial strength functions characterizing the atomic-massdependent potential energy and centrifugal Born–Oppenheimer breakdown (BOB) functions, and (if appropriate)
radial strength functions that account for Λ-doubling in
singlet states or doublet splittings in 2 Σ states. Partial
derivatives of calculated eigenvalues with respect to the
parameters deﬁning the potential energy and other radial
functions, such as those characterizing BOB corrections,
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Λ-doubling, or 2 Σ splittings, are then used in least-squares

ﬁts to determine an optimized radial Hamiltonian for the
system. This paper describes a robust and ﬂexible computer program for performing this type of analysis.
One of the most important features of a ‘direct potential ﬁt’ (DPF) data analysis is that it provides a compact
way of summarizing and reproducing very large bodies of
very different types of experimental data in a compact
manner that facilitates making predictions for unobserved
data and properties. dPotFit is able to ﬁt to any combination of pure rotational (‘microwave’), vib-rotational
(‘infrared’), and electronic data in the form of fully
assigned bands or ﬂuorescence series, to the energies and/
or tunneling predissociation widths of ‘quasibound’ levels,
to binding energies from photoassociation spectroscopy
(PAS), and to the ‘pressure virial’ and ‘acoustic virial’
coefﬁcients that reﬂect the non-ideal-gas properties of the
atomic dissociation products. It also allows one to combine
data for different isotopologs of a given molecular species
and different electronic states in a single uniﬁed analysis.
Moreover, if the experimental information for a particular
electronic state is not sufﬁciently extensive or systematic
to deﬁne a full potential energy function (PEF) for it,
dPotFit allows its energy levels to be represented by (often
quite large) sets of independent term values fT v;J g, or by a
set of ‘band constants’ fGv ; Bv ;  Dv ; H v ; …g for each vibrational level v of each isotopolog. These last capabilities can
be particularly important in the early stage of a multi-state
analysis, as it allows one to perform a DPF analysis to
determine an initial PEF for one state at a time.
DPF ﬁts to spectroscopic data are, of course, non-linear
least-squares ﬁts, since the experimental observables are
not linear functions of the parameters deﬁning the analytic
PEFs. As in any non-linear least-squares ﬁt, it is necessary
to provide the ﬁtting procedure with some realistic preliminary estimate of the parameters of the model: this is
particularly important when working with sophisticated
models, such as the analytic PEFs described below. In some
cases one may start with a very rudimentary version of the
model, determine its parameters from ﬁts that consider
only data spanning a very limited vibrational range, and
then gradually expand the vibrational range considered
and the number of free parameters in the PEF model until
the whole data set is included. However, it is often much
more efﬁcient to start with some realistic set of parameters for the full model.
Such realistic preliminary parameter sets can be
obtained by ﬁtting the chosen PEF model to an approximate set of PEF values obtained from some other source,
such as ab initio calculations, or by application of the ﬁrstorder semiclassical Rydberg–Klein–Rees procedure [1–4]
to results obtained from a traditional ‘parameter-ﬁt’ analysis [56]. A procedure for doing this is presented in a
separate companion work [5]. As Ref. [5] provides detailed
descriptions of the three main analytic PEFs considered
here, the presentations below focus mainly on presenting
the potential forms, identifying the parameters required in
the input data ﬁles, and illustrating some features of their
use based on consideration of published applications.
Section 2 provides a description of the Hamiltonian
upon which dPotFit is based, while Section 3 describes the

four families of PEF forms for which dPotFit can perform
DPFs. Section 3 also describes the manner in which sets of
band constants or individual term values may be utilized
to represent the vib-rotational levels of a given state.
Section 4 then describes how three other analytic PEFs, or
a pointwise ab initio or RKR potential, can be imported and
tested against the range of experimental data allowed by
dPotFit. Section 5 then describes how the radial strength
functions characterizing Born–Oppenheimer breakdown
(BOB), Λ–doubling, and 2 Σ splittings are represented in
the code. Finally, Section 6 describes the methods used for
calculating predicted values of the various experimental
observables, and of the partial derivatives required by the
least-squares ﬁtting procedure, from an assumed knowledge of the potential energy and BOB functions, while
Section 7 describes some strategies that have proven
useful in applying dPotFit to the analysis of experimental
data, and Section 8 describes some practical details
regarding the use of the code. An Appendix then provides
a brief overview of the online Supplementary Material
associated with this paper.

2. The radial Hamiltonian
As in most direct-potential-ﬁt (DPF) data analyses
reported to date, the present code is based upon an
effective radial Schrödinger equation derived by Watson
[6,7], in which atomic-mass-dependent nonadiabatic
contributions to the kinetic energy operator have been
incorporated into an effective “adiabatic” contribution to
the electronic potential energy function and a BOB contribution to the effective centrifugal potential of the
rotating molecule. Following the conventions of Refs. [8–
10], the resulting effective radial Schrödinger equation for
isotopolog ‘α’ of molecule A–B in a singlet electronic state
with electronic angular momentum projection quantum
number Λ, may be written as
(
2
h
i
ℏ2 d
αÞ
ðrÞ þ ΔV ðad
ðrÞ

þ V ð1Þ
ad
2μα dr 2
)
2

½JðJ þ 1Þ  Λ ℏ2 
ðαÞ
1
þ
g
ðrÞ
ψ v;J ðrÞ ¼ Ev;J ψ v;J ðr Þ: ð1Þ
þ
2μα r 2
Here, V ð1Þ
ðrÞ is the total electronic internuclear potential
ad
ðαÞ
ðrÞ
for a chosen reference isotopolog (labelled α ¼ 1), ΔV ad
is the difference between the effective adiabatic potential
for isotopolog α and that for the reference species (α ¼ 1),
and g ðαÞ ðrÞ is the centrifugal BOB potential correction
function for isotopolog α with effective reduced mass μα .
The default deﬁnition of μα is Watson's “charge-modiﬁed
reduced mass” [6],


ðαÞ ðαÞ
ðαÞ
ðαÞ
ð2Þ
μα ¼ μW
α  M A M B = M A þM B  CHARGE  me ;
in which ‘CHARGE’ is the net 7(integer) charge on the
molecule, me is the electron mass, and M ðAαÞ and M ðBαÞ are
the masses of the neutral atoms A and B forming isotopolog α of species A–B CHARGE respectively. However,
other choices are also possible (see Appendix B). Of course,
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for CHARGE ¼ 0 Eq. (2) becomes the conventional twobody reduced mass for particles of mass MðAαÞ and MðBαÞ .
αÞ
Each of the quantities ΔV ðad
ðrÞ and g ðαÞ ðrÞ in Eq. (1) is
expressed as a sum of two terms, one for each atom,
whose components have magnitudes inversely proportional to the masses of the speciﬁc atomic isotopes [6–
8,11], and given speciﬁcally by

ΔV ðadαÞ ðrÞ ¼

ΔMðAαÞ ~ A
M ðAαÞ

S ad ðr Þ þ

ΔMðBαÞ ~ B
M ðBαÞ

S ad ðr Þ;

ð3Þ

and
g ðαÞ ðr Þ ¼

Mð1Þ
M ð1Þ
B ~B
A ~A
ð
r
Þ
þ
R
R na ðr Þ:
na
MðAαÞ
M ðBαÞ

ð4Þ

The quantity ΔM ðAαÞ  M ðAαÞ  M Að1Þ is the difference between
the isotopic masses of atom A in isotopolog α and in the
reference isotopolog (α ¼ 1). The expressions employed to
A=B
A=B
represent the mass-independent S~ ad ðrÞ and R~ na ðrÞ radial
functions can be found in Sections 5.1 and 5.2. Straightforward extensions of Eq. (1) that account for the e/f
Λ-doubling splittings that occur for singlet states with
Λ a 0 [10], or for doublet splittings of the rotational levels
of 2 Σ states, are presented in Sections 5.3 and 5.4,
respectively.

3. Potential function forms that can be used in the ﬁts
Program dPotFit can currently perform ﬁts to PEFs that
are represented by one of four families of analytic functions. These functions are all expressed in terms of
dimensionless radial variables of the form
yrpe ðr Þ ¼

r p r pe
;
r p þr pe

yref
q ðr Þ ¼

r q  r qref
r q þ r qref

and=or

yref
p ðr Þ ¼

r p  r pref
r p þ r pref

;
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behavior of the potential function both at long range, and
in the very short-range region. Moreover, it means that
functions deﬁned as ﬁnite power series in one of these
variables will not have singularities at either very small or
very large values of r. Furthermore, experience has shown
that for larger values of q (q ¼ 2; 3; 4; …) the resulting
potential energy functions are increasingly strongly
inhibited from having implausible spurious extrema in the
extrapolation regions at small or large values of r [9,10,
15,22–24].
In any case, values of p, q, and rref must be selected by
the user and speciﬁed in the main input data ﬁle. For the
Morse/Long-Range (MLR) potential of Section 3.2, theory
places some restrictions on the allowed value of p, while
some guidance regarding how to choose appropriate
values of the other parameters may be found below and in
Refs. [16,25].
3.1. The Expanded Morse Oscillator (EMO) potential function
The ﬁrst type of potential function form considered
here is the Expanded Morse Oscillator or EMO function [12],
which has the form of a Morse potential [26] in which the
exponent coefﬁcient varies with distance. Other functions
of this type were introduced by Coxon and Hajigeorgiou
(the “GMO” potential) [27] and by Dulick and co-workers
(the “MMO” potential) [28], but because of its simpler
form and better extrapolation behavior, only the EMO
function is considered here.
An EMO potential function has the form
h
i2
ð7Þ
V EMO ðrÞ ¼ De 1  e  βðrÞðr  re Þ ;

ð5Þ

in which De is the well depth, r e is the equilibrium internuclear distance, and

ð6Þ

βðrÞ ¼ βEMO ðyref
q ðrÞÞ ¼

in which p and q are small positive integers (fp=qg ¼
1; 2; 3; 4; …), r e is the equilibrium internuclear distance of
the effective adiabatic potential energy function for the
chosen reference isotopolog, V ð1Þ
ðrÞ, and r ref is a reference
ad
distance chosen as the expansion center for the variables
of Eq. (6) (usually r ref 4 r e ). Most of the early work
employing this type of variable ﬁxed r ref ¼ r e and p ¼ q ¼ 1
[12–14]. However, it was later found that allowing p and q
to be greater than 1, and ﬁxing r ref at some distance
between r e and the outer end of the data-sensitive region
allowed high quality ﬁts to be achieved with a smaller
number of expansion parameters [15–21].
The fact that yrpe ðrÞ and yref
fq=pg ðrÞ approach ﬁnite limits
both as r-0 and as r-1 means that functions of these
variables will also approach ﬁnite values in these limits. At
the same time, the fact that yrpe ðrÞ p ðr r e Þ and yref
q ðrÞ p
ðr r ref Þ at distances near their respective expansion centers means that they will be effective expansion variables
for properties that change signiﬁcantly in those regions.
This mapping of the inﬁnite radial domain r A ½0; 1Þ onto
the ﬁnite interval yfq=pg ðrÞ A ½  1; þ 1 greatly facilitates the
imposition of proper theoretical constraints onto the

Nβ
X

i
βi yref
q ðrÞ :

ð8Þ

i¼0

As discussed in Refs. [10,22,23], for cases in which r ref ¼ r e ,
an appropriate choice of q (usually Z 2) in the deﬁnition of
yref
q ðrÞ can often prevent extrapolation problems at large r,
but may not always resolve such problems at small r.
However, most such extrapolation problems can normally
be resolved by setting the expansion center r ref at some
distance greater than re [29].
The EMO (or EMOp) potential is a very ﬂexible form
that has been used successfully in a number of demanding
data analyses involving both ‘normal’ single well potentials [12,13,24] and a state whose potential function has an
additional ‘ripple’ or incipient shelf [23]. However, the fact
that ½De  V EMO ðrÞ dies off exponentially at large r makes it
a less than ideal function for representing states for which
the data extend fairly close to the dissociation limit. This
problem stimulated the development of the next two
potential function forms discussed below.
3.2. The Morse/Long-Range (MLR) potential
At long range, all intermolecular potential functions
may be described as a sum of inverse-power terms, with
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the limiting long-range behavior being
VðrÞ C D C m1 =r

m1

C m2 =r

m2

 ⋯;

ð9Þ

in which the powers m1 , m2 ; …, are determined by the
nature of the atoms into which the given molecular state
dissociates [30,31], and the coefﬁcients C mi may often be
calculated from theory. It is therefore desirable to use a
potential form that has the limiting behavior of Eq. (9),
especially if the data set includes information from vibrational levels lying fairly close to dissociation. This consideration stimulated the development of the Morse/LongRange (MLR) potential form [15–17,19,20],


uLR ðrÞ  βðrÞyrpe ðrÞ 2
V MLR ðr Þ ¼ De 1 
e
;
ð10Þ
uLR ðr e Þ
in which De is the well depth, r e is the equilibrium internuclear distance, and the exponent coefﬁcient
βðrÞ ¼ βMLR ðrÞ is a (fairly) slowly varying function of r. The
desired long-range behavior is deﬁned by a generalized
version of the attractive contribution to Eq. (9):
Cm
Cm
Cm
uLR ðr Þ ¼ Dm1 ðr Þ m 1 þDm2 ðr Þ m 2 þ⋯ þ DmLast ðr Þ m Last ;
r 1
r 2
r Last

ð11Þ

in which the Dmi ðrÞ are “damping functions” that have the key
property that all Dmi ðrÞ-1 at large r. The two families of
damping functions allowed by dPotFit are a generalized [25]
version of the damping function of Douketis et al. [32],
DdsðsÞ
m ðr Þ ¼ 1 e



c
bds ðsÞðρrÞ

m

ds ðsÞðρr Þ2
p
m

ﬃﬃﬃ

mþs

;

ð12Þ

and a generalized version [25] of the Tang–Toennies damping
function [33],
h
ik
tt
mX
 1 þ s b ðsÞ  ðρrÞ
ttðsÞ
 btt ðsÞðρrÞ
:
ð13Þ
Dm ðr Þ ¼ 1  e
k!
k¼0
ds

Values of the system-independent parameters b ðsÞ and
tt
cds ðsÞ in Eq. (12) and b ðsÞ in Eq. (13) were determined in Ref.
[25], and are stored in the code, so that the only parameters
that must be set by the user are the system-dependent rangescaling parameter ρ, and the integer s that deﬁnes the limiting
short-range behavior of all of these functions, which is [25]
n
o
m
p rs
ð14Þ
lim DðsÞ
m ðrÞ=r
r-0

for all values of m, for both families. The original versions of
these functional forms corresponded to the cases s ¼ 0 for the
Douketis et al. form [32] and s ¼ 1 for the Tang–Toennies form
[33]. However, the ab initio results of Kreek and Meath suggest
that the actual very short-range behavior of dispersion energy
damping functions corresponds to s ¼ 0 [34]. Moreover, as the
very short-range behavior of an MLR potential is deﬁned by
the quadratic term in Eq. (10), values s 4 0 are physically
unacceptable, since an MLR potential will turn over and
approach zero when r-0 unless either there are no damping
functions, or those chosen correspond to a value of s that is
r0. The study of Ref. [25] recommended the use of Eq. (12)
with s ¼ 1 (i.e., setting input parameter IVSR ¼  2), but
use of either functional form with s r0 will yield sensible
short-range behavior for an MLR PEF.
The constant ρ appearing in Eqs. (12) and (13) is a
system-dependent range parameter devised by Douketis

et al. [32]. For a pair of interacting atoms A and B, it is
deﬁned by the combining rule

ρ ¼ ρAB  ½2ρA ρB =ðρA þ ρB Þ;

ð15Þ

in which ρ
are deﬁned in terms of the ratio of the
ionization potential of atom A or B to that of atomic


fA=Bg H 2=3
hydrogen as ρfA=Bg ¼ I p
=I p
. However, other choiA=B

ces for this range-scaling parameter may be made by
the user.
As a ﬁnal comment regarding the uLR ðrÞ function that
deﬁnes the long-range behavior of an MLR-type potential,
note that it is not necessary to restrict it to having the explicit
inverse-power-sum form of Eq. (9) or (11), as it can take on
any form dictated by theory. For example, in recent applications to states of Li2 dissociating to the Li ð2 P 1=2 Þ þ Li2 ð2 S1=2 Þ
asymptote, uLR ðrÞ has been represented by one of the roots of
a diagonalization arising from two-state [19] or three-state
[21] coupling near that asymptote. As a result, an option
coded in dPotFit to deal with alkali homodimers in states
dissociating to the lowest nS þ nP atomic limit allows uLR ðrÞ to
be deﬁned by one of the roots of the 2  2 or 3  3 coupling
matrix that deﬁnes the long-range behavior predicted by
theory for these states [35,36]. The ease with which it can
treat such special cases further illustrates capabilities of the
MLR functional form.
As was discussed in Ref. [5], a deﬁning property of the
MLR function is the fact that

β

lim
ðrÞ 
r-1 MLR

β1 ¼ ln 2De =uLR ðre Þ :

ð16Þ

Since the pre-factor to the exponential term in Eq. (10) is
equal to 1 at the equilibrium distance, r e , and yrp;e ðrÞ- þ 1
as r-1, this means that at large distances Eq. (10)
becomes
V MLR ðr Þ CDe uLR ðr Þ þ
CDe 

Last
X
Cm

i

i¼1

r mi

1
½uLR ðrÞ2
4De
Last
1 X
C mi
þ
4De i ¼ 1 r mi

!2
:

ð17Þ

This indicates that although the MLR function does take on
the form of Eq. (9) at long range, unless mLast o 2m1 , the
long-range behavior of the quadratic term in Eqs. (10) and
(17) would change the long-range behavior speciﬁed by
Eq. (11). This problem is most serious for cases in which
m1 ¼ 3 [19], but should also be considered for systems
with larger m1 values [37]. However, it is resolved here by
the fact that, as necessary, the code internally modiﬁes the
input C mi coefﬁcients, and/or adds additional terms, so as
to precisely cancel the effect of those non-physical quadratic terms, as illustrated by the discussion of the coefﬁadj
adj
2
cients C adj
6 ¼ C 6 þðC 3 Þ =4De and C 9 ¼ C 3 C 6 =2De for the
m1 ¼ 3 case given in Ref. [19].
In order to use the MLR potential form, it is clearly
necessary to know appropriate values for the powers mi
[30,31], and to have realistic estimates of the coefﬁcients C mi .
When no realistic estimate of the leading (smallest-power)
coefﬁcient C m1 is available, the MLR form has no signiﬁcant
advantages over the simpler EMO function, which will likely
be more ‘robust’. However, if the leading inverse-power
coefﬁcient C m1 is known, but no calculated value for the
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second coefﬁcient C m2 is available, it may be desirable to make
a plausible ad hoc estimate of the latter, and employ the twoterm MLR form rather than the simple one-term MLJ function
of Refs. [38,39], because more reasonable long-range extrapolation behavior would be imposed [15]. In cases for which
vibrational data extend very close to the dissociation limit, it
may also be possible to treat one or more of the long-range
potential coefﬁcients as free parameters to be optimized in
the ﬁt [16,19,21].
The algebraic form of Eq. (10) means that at sufﬁciently
long range V MLR ðrÞ always takes on the form of Eq. (17). To
achieve this, the exponent coefﬁcient function βðrÞ is
required both to approach asymptotically the value β1
deﬁned by Eq. (16), and to be sufﬁciently ﬂexible to
describe accurately the shape of the potential function
well. Its functional form should also prevent or discourage
the potential function from having unphysical extrema in
the two extrapolation intervals, namely, for r-0, and
between the data region and the asymptotic limit. Two
approaches to this problem are offered in dPotFit . In the
ﬁrst, βðrÞ is written as a constrained polynomial in the
ref
variable yref
q ðrÞ, in which the separate variable yp ðrÞ acts as
a switching function [9,10,15,19,22,40], that is




h

Nβ
iX

ref
ref
βðrÞ  βPE  MLR yref
p;q ðrÞ ¼ β 1 yp ðrÞ þ 1  yp ðrÞ

i
βi yref
q ðr Þ :

i¼0

ð18Þ
Note that the power p appearing here is the same as that
used to deﬁne the distance parameter yrpe ðrÞ in the exponential term in Eq. (10). While most of the early work with
this model was performed with q ¼ p, it has since been
shown that use of a separate power q o p in the powerseries portion of Eq. (18) can lead to more compact and
robust potential functions [19–21,29].
One restriction associated with this ‘polynomial exponent’ MLR (PE-MLR) form is a limitation on the allowed
value of p, which depends on the particular set of powers
mi that deﬁne the terms contributing uLR ðrÞ. The algebraic
form of the exponent coefﬁcient function of Eq. (18)
implies that at large r the exponential term in the MLR

function takes the form e  β1 1 þA=r p þ⋯ . This has the

effect of adding a term having the form AC m1 =r m1 þ p to
Eq. (17) [16,19]. As a consequence, the leading contributions to long-range behavior of V MLR ðrÞ will only truly be
deﬁned by the speciﬁed version of Eq. (11) if the power p
deﬁning the exponent variables satisﬁes the constraint
p 4 ðmLast  m1 Þ, where mLast is the power of the last (i.e.,
highest-power) term contributing to uLR ðrÞ [16,19,20]. It
also may be desirable to set p ¼ mnext  m1 , in which mnext
is the (inverse) power associated with the ﬁrst long-range
term predicted by theory that is not included in the chosen
deﬁnition of uLR ðrÞ.
As discussed in Ref. [19], there are no formal restrictions on the choice of the power q deﬁning the radial
variable in the power series part of Eq. (18). Experience
suggests [19,21,41] that when q is very small (say, 1 or 2),
the potential is more likely to be unstable in the extrapolation region(s). However, the optimum choices for q
(and p, subject to the constraint p 4ðmLast  m1 Þ) must also
be guided by consideration of the manner in which the
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Fig. 1. Tests of the long-range extrapolation behavior of various ﬁtted
potentials for the X 1 Σ gþ state of Br2 associated with different MLR models
ref
, where N ¼ N β [adapted from Fig. 7 of Ref. [41]].
N rp;q

potential function approaches its limiting long-range
behavior. In particular, V MLR ðrÞ always takes on the limiting behavior of Eq. (9), a rearrangement of which yields
m1
½De  V MLR ðrÞ C C m1 þ
C eff
m1 ðr Þ  r

C m2
þ⋯
r m2  m1

ð19Þ

Thus, a plot of
vs. 1=r m2  m1 must approach the
intercept C m1 with slope C m2 , and it should bridge the
extrapolation interval between the “data region” and this
limiting behavior in a smooth, monotone fashion. Fig. 1
shows plots of this type for a number of otherwise
equivalent potentials for the ground-state of Br2 [41], for
which the leading terms in the long-range potential correspond to m ¼6, 8, and 10 [42]. While all of the six
potentials considered here do eventually achieve the predicted linear approach to an intercept of C theory
with a
6
slope of C theory
, it is clear that the plots for model poten8
tials with q ¼ 4 or 5 have physically implausible extrema in
the extrapolation interval between the ‘data-sensitive
region’ and that intercept. Note, however, that these
implausible extrema in C eff
6 ðrÞ plots are not accompanied
by discernably irregular behavior in plots of the potential
functions V MLR ðrÞ themselves. This illustrates the practical
importance of using plots such as Fig. 1 to detect such
implausible extrapolation behavior! Moreover, the fact
3:10
that the C eff
6 ðrÞ plot for the 125;7 potential fails to display
the positive curvature away from this limiting slope
implied by the existence of an attractive C 10 =r 10 term
probably reﬂects the excessive ‘stiffness’ of the q ¼7 radial
variable. Thus, it appears that the potentials for which q¼ 6
have the optimum extrapolation behavior for this particular species.
When performing ﬁts to a PE-MLR function it is
necessary to consider ranges of values of r ref , N β and q in a
search for an optimal model. Fig. 2 illustrates how the
quality of ﬁts to data for ground-state Ca2 depends upon
these three parameters. As expected, for either q ¼3 or
q ¼4, the quality of ﬁt improves, and the breadth of the
region over which the dimensionless root-mean-square
deviation dd has a minimum increases with Nβ. However,
for larger q values the expansion variable is “stiffer”, and
larger Nβ values tend to be required to attain the same
quality of ﬁt. This is the reason that the range of r ref over
C eff
m1 ðrÞ
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a speciﬁed set of yref
q ðr j Þ values, and those β ðr j Þ values
become the parameters deﬁning the shape of the potential. Following this approach, the exponent coefﬁcient
function is written as

βðrÞ ¼

Nβ
X

Sk ðyref
q ðrÞÞβ k ;

ð20Þ

k¼1

in which the spline ‘basis functions’ Sk ðyref
p ðrÞÞ are completely deﬁned by the chosen mesh of values of yref
q ðr j Þ. A
straightforward application of the chain rule of calculus
then yields the partial derivatives required for the leastsquares ﬁt procedure:
Fig. 2. Dependence of the dimensionless root-mean-square deviation dd
obtained from ﬁts to 3553 ﬂuorescence series data for the X 1 Σ gþ state of
Ca2 [100,101] on the parameters r ref , q, and Nβ. Displayed here are the
results of ﬁts to MLR potentials with p ¼5 whose long-range tails are
deﬁned by Douketis-type damping with s ¼  1 and ﬁxed theoretical
values of the C8, and C10 [102] coefﬁcients, but with C6 allowed to be a
ﬁtted parameter [20].

which values of dd lie near their minimum is narrower for
fq ¼ 4; N β ¼ 7g (solid square blue points) than for
fq ¼ 3; N β ¼ 7g (open square blue points), and the dd
minimum for fq ¼ 4; Nβ ¼ 6g lies well above those for the
other cases. Moreover, for most of the N β ¼ 8 cases associated with either value of q, between one and three of the
ﬁtted βi values have uncertainties greater that 100%. Thus,
the results shown in this ﬁgure lead to a recommendation
of fq ¼ 4; N β ¼ 7; r ref ¼ 6:85 Å} as the optimum MLR model
for this Ca2 system.
A second way of representing the exponent coefﬁcient
function in Eq. (10) is described now; more details
regarding its properties may be found in Ref. [5]. All
existing applications of the MLR potential have employed
the constrained polynomial expansion of Eq. (18) to
represent the exponent coefﬁcient function βðrÞ. However,
while preliminary work showed some promise [43,44], it
has not yet been demonstrated that that form can provide
a practical, compact, and accurate representation of
double-minimum or shelf-state potential energy functions.
A successful model for representing and ﬁtting to such
potential functions was introduced by Pashov and coworkers [45–47], in which the potential function deﬁned
as a cubic spline through a set of points whose ordinate
values serve as the parameters of the model. However, a
relatively large number of points/parameters (typically
≳50) seem to be required to deﬁne a potential function
accurately in this way, and such functions can only be
extrapolated sensibly outside the data region if an analytic
repulsive wall and the theoretically predicted inversepower long-range tail are attached in some ad hoc manner, a procedure that always introduces discontinuities in
the higher-order PEF derivative at the chosen attachment
points.
An alternative approach now being developed [5,48] is
the ‘Spline-Exponent-MLR’ (SE-MLR) function which uses
Pashov's ‘spline-pointwise’ approach to deﬁne the exponent coefﬁcient β ðrÞ in the MLR potential function form of
Eq. (10). In particular, β ðrÞ is deﬁned as a ‘natural’ cubic
spline function passing through βðr j Þ ¼ βðyref
q ðr j ÞÞ values at





∂V ðrÞ
uLR ðrÞ  βðrÞyrpe ðrÞ
uLR ðrÞ  βðrÞyeq
p ðrÞ
¼ 2De 1
yrpe ðrÞSk yref
e
e
q ðr Þ :
uLR ðr e Þ
uLR ðre Þ
∂βk

ð21Þ
Although the least-squares problem is non-linear, the fact
that the Sk ðyref
p ðrÞÞ functions are independent of the parameter values fβk g yields some computational simpliﬁcations.
In using the SE-MLR form, it is important to realize that
the radial variable yref
q ðrÞ used to deﬁne β ðrÞ should normally be deﬁned by a value of r ref that is greater than r e ,
and the value of q deﬁning the radial variable in Eq. (20)
should be greater than 1, in order to assure that the chosen
mesh of points sample the full range of βðyref
q ðrÞÞ values
appropriately. However, in this case both q and p (rather
than just p) must be set at values greater than ðmLast  m1 Þ
in order to prevent the long-range behavior of the exponential term from disrupting the long-range behavior
speciﬁed by Eq. (11).
3.3. The double-exponential/long-range (DELR) model
potential
The need for a ﬂexible analytic potential function with
a barrier that protrudes above the potential asymptote for
distances r 4r e stimulated the development of the ‘double-exponential/long-range’ (DELR) potential function
form [10,22],
n
o
V DELR ðrÞ ¼ Ae  2βðrÞðr  re Þ  Be  βðrÞðr  re Þ þDe uLR ðrÞ;
ð22Þ
in which the exponent coefﬁcient βðrÞ is deﬁned as the
same type of simple power series in yref
p ðrÞ appearing in
the EMO potential (see Eq. (8)) [29]. In this case, the presence of a repulsive leading term in the additive longrange function uLR ðrÞ (which could, in principle, be
attractive or repulsive), served to introduce the potential
function barrier that was being modelled [10]. The preexponential coefﬁcients A and B in Eq. (22) are deﬁned in
terms of the well depth De (relative to the potential
asymptote) and the equilibrium distance r e by the
expressions
A ¼ De  uLR ðr e Þ  u0LR ðr e Þ=β0 ;

ð23Þ

B ¼ 2De  2uLR ðr e Þ  u0LR ðr e Þ=β0 ;

ð24Þ

u0LR ðr e Þ  ½duLR ðrÞ=drr ¼ re .

in which
If uLR ðrÞ ¼ 0 the DELR
potential becomes the EMO function of Eq. (7). However,
other choices of uLR ðrÞ allow it to represent the outer wall
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of a potential function with a barrier [10], the multi-term
attractive inverse-power long-range tail of a normal
single-well potential energy function, or even (in principle) the outer wall of a double-minimum or shelf-state
potential function.
In the present version of dPotFit, the long-range
function uLR ðrÞ in Eq. (22) is assumed to be deﬁned
either by a sum of damped or undamped inverse-power
terms, as in Eq. (11) or, for alkali homodimers, by one of
the roots of the 2  2 or 3  3 long-range coupling matrices
described in the previous subsection. Note, however, that
the present sign convention for this uLR ðrÞ function (positive coefﬁcients being attractive) is opposite to that used in
Ref. [10]. As in Section 3.2, damping functions Dm(r) may
be deﬁned by either Eq. (12) or (13), but since uLR is an
additive, rather than a multiplicative contribution to the
potential, the parameter s deﬁning the very short-range
behavior of these damping functions is allowed to have
positive values, while negative values will cause the shortrange potential wall to turn over. Of course, other damping
function expressions [49,50] or entirely different types of
expressions for V LR ðrÞ could equally well be used in the
DELR type of potential form.
3.4. The Generalized Potential Energy Function (GPEF) of
Šurkus
The fourth family of potential functions is a generalization of the familiar Dunham polynomial potential [51]
that Šurkus et al. [52] introduced and called the ‘Generalized Potential Energy Function’ (GPEF). A modiﬁed, but
exactly equivalent expression for his expansion variable
(devised by Seto [14]) leads to the GPEF potential form
2
3
Nβ
X
ðr q  r qe Þ
24
i5
V GPEF ðr Þ ¼ c0 zq 1 þ
ci zq ; with zq 
:
ðaS r q þ bS r qe Þ
i¼1
ð25Þ
For appropriate choices of the (ﬁxed) parameters aS and bS ,
this expansion takes on a number of familiar forms:

 setting q ¼ 1, aS ¼ 0 and bS ¼ 1 yields Dunham expansions [51];

 setting q ¼ 1, aS ¼ 1 and bS ¼ 0 yields Simons–Parr–
Finlan (SPF) expansions [53];

 setting q ¼ 1, aS ¼ bS ¼ 0:5 yields the Ogilvie–Tipping
(OT) potential expansion [54];

 setting aS ¼ bS ¼ 1 yields the expansion variable yeq
p ðrÞ of
Eq. (5).
For aS a0, PEFs with the GPEF form always asymptotically approach a ﬁnite asymptote with a 1=r q functional
behavior. Thus, if appropriate constraints are applied to the
coefﬁcients, the GPEF form can, in principle, be required to
have the theoretically predicted limiting long-range
behavior of Eq. (9) [52,55]. However, apart from the relatively simple case in which q is set equal to the power of
the leading long-range term in Eq. (9) [52], such constraints have proven to be too unwieldy for practical use.
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3.5. Term-value and band-constant representations
One often encounters cases in which there are too few
data to allow an analytic potential function to be determined for a state that still must be taken into account,
because it is at one end (usually as the upper state) of a set
of transitions to a state for which a potential function is
being determined, and those transitions contain information about the state of interest. In some cases the levels of
that upper state may be accounted for as the origins of
ﬂuorescence series, but it is often more convenient to treat
all of the assigned levels of that state as independent term
values T v;J;p in the ﬁt. Alternatively, it may be convenient to
represent all of those observed (upper-state) levels with
sets of band constants:
Eðv; JÞ ¼ Gv þ Bv ½ðJðJ þ 1Þ  Dv ½ðJðJ þ1Þ2 þ H v ½ðJðJ þ1Þ3 þ ⋯
X
¼
K m ½JðJ þ 1Þm :
ð26Þ
m¼0

For states for which Λ 40 and the associated Λ-doubling is observed, the ‘qðmαÞ ðvÞ’-band constants characterizing the splitting of rotational sublevels J of vibrational
levels v may also be determined in the ﬁt by inclusion of
the additional term

δEðΛαÞ ðv; J; fe=f gÞ ¼ sgðfe=f gÞ½ Jð J þ 1ÞΛ

X

m¼Λ

qðmαÞ ðvÞ½ Jð J þ 1Þ  Λ m  Λ ;
2

ð27Þ
in which the sgðfe=f gÞ are standard Λ-doubling splitting
parameters, with values of þ 1 and 0, 0 and  1, or 71=2,
for e-parity and f-parity levels, respectively (see Section
5.3): the choice of which pair of splitting factors to use for
the term sgðfe=f gÞ must be speciﬁed by the user [56].
Similarly, use of a band-constant representation for a
2
Σ state will invoke the analogous representations for the
splitting of the e and f components of its rotational N–
levels:
1 X ðαÞ
δEðΛαÞ ðv; N; fegÞ ¼ þ N
γ ðvÞ½NðN þ 1Þm  1 ;
2 m¼1 m
X
1
δEðΛαÞ ðv; N; f f gÞ ¼  ðN þ1Þ
γ ðmαÞ ðvÞ½NðN þ 1Þm  1 :
ð28Þ
2
m¼1
All of these cases are allowed by dPotFit. While their
use will tend to increase greatly the number of independent parameters being determined (especially if term
values are used), often by hundreds or even thousands(!),
this usually presents little difﬁculty, since the ﬁt will be
linear with respect to these parameters. Use of one of
these representations for all-states-but one can also be a
convenient way of reducing or removing interparameter
correlations involving those states in order to facilitate the
determination of a good preliminary potential function
model for a given state in the early stages of an analysis.

4. Other potential function forms that can be used in
dPotFit
The next four subsections describe potential function
forms that have been introduced into the dPotFit code in
order to allow users to make comparisons with the
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predictions of other potential functions that have been
proposed for a state of interest. However, use of dPotFit to
perform ﬁts using these additional potential function
forms has not (yet) been implemented
4.1. Hannover polynomial potentials (HPP)
Perhaps the most widely used alternate potential
function form is the “Hannover polynomial potential”
(HPP) or “X-representation” function, which has the form
[57,58]:
V HPP ðrÞ ¼ AI e  BI ðr  RI Þ

for r oRI

ð29Þ

¼ fVLIM De g þ V X ðr Þ

for RI r r r RO
m
last
X
C m C mlast þ 2
V HPP ðr Þ ¼ VLIM De þV X ðRO ÞÞg 
þ
r m r mlast þ 2
m1
for r 4RO

ð30Þ

in which
V X ðr Þ ¼

Nβ
X

βi XðrÞi and X ¼

i¼2

r Rm
:
r þ bRm

ð31Þ

Here, Rm is an “arbitrarily chosen” expansion center that lies
close to the position of the potential minimum, and the
parameter b has been manually adjusted to optimize the
potential function slope at short distances, and the expansion
coefﬁcients βi have been determined from a ﬁt to experimental data. The parameters AI and BI deﬁning the exponential function used to extrapolate to short distances are
deﬁned by the requirement that there be a smooth connection to the polynomial function at r ¼ RI . Similarly, with the
other long-range coefﬁcients Cm deﬁned by theory, the value
of the coefﬁcient C mlast þ 2 in Eq. (30) is deﬁned by requiring
the potential to be continuous at the outer switching point
r ¼ RO . Note that while the HPP potential form has been
implemented in dPotFit as described above, some of its
published applications use other deﬁnitions for the shortrange behavior of Eq. (29) and/or the long-range tail of Eq.
(30): however, those differences have little effect on the datasensitive region.
4.2. ‘Tang–Toennies’-type (TT) exponential/Van der Waals
potentials
Generalized Tang–Toennies-type potentials consist of a
repulsive exponential term, whose exponent and prefactor may consist of multiple terms, minus a sum of
attractive inverse-power terms that are damped by the
s ¼ þ1 version of the generalized TT-type damping function of Eq. (13). This structure has been used in a number
of published potentials [59–61], and the extended version
of this form available in dPotFit incorporates most variants found in the recent literature. This generalized form
is
V TT ðr Þ  β5 þ β6 r þ
 e  fβ1 r þ β2 r

2

β7
r

s ¼ þ 1 version of Eq. (13) with its shape parameter ﬁxed at
tt
b ðsÞ ¼ 1. However, while the ‘basic’ Tang–Toennies function [33,62] constrained the damping-function rangescaling parameter ρ to be identical to β1 , the leading
coefﬁcient in the exponent of the exponential term in of
Eq. (32), in the present implementation they are independent parameters. Moreover,while the original Tang–
Toennies model only allowed for even powers mi in Eq.
(11), with mi Z6, dPotFit will accept any user-supplied set
of powers fmi g.
The input parameters for this model are then the set of
powers fmi g and coefﬁcients fC mi g for the attractive outer
branch of the potential, and the values of the parameters ρ
of Eq. (13) and β1  β9 of Eq. (32), while the well depth De
and equilibrium distance r e are properties, rather than
deﬁning parameters of the resulting potential.
4.3. The Scoles–Aziz ‘Hartree–Fock dispersion’ (HFD) potential form
The period from the mid 1970s until the turn of the
century saw a large body of published work, mostly concerned with rare gas dimers, that used what came to be
known as “Hartree–Fock Dispersion” or HFD-type potentials. Like the TT form, it consists of a repulsive exponential
term minus a sum of damped dispersion terms, and it too
allowed for a variety of parameterizations for the repulsive
term, viz.,
V HFD ðrÞ  AHFD xγ e  β1 r  β2 r  uHFD
LR ðRÞ:
2

In particular, in some cases the exponent included both a
linear and a quadratic term, and in other cases the
 exponential term had a pre-factor of a power of x  rre : all of
these variations are allowed in dPotFit.
In the earlier work, with what were then called the
HFD-A, HFD-B and HFD-C forms, the attractive ‘dispersion’
term was written using a single common damping function, to give
HFD

uHFD
LR ðr Þ ¼ f 1

þ β3 =r þ β4 =r2 g

uTT
LR ðrÞ;

ð32Þ

in which the attractive outer-wall function uTT
LR ðrÞ has the
form of Eq. (11) with the damping functions deﬁned by

m
Last
X

ðr Þ

m ¼ m1

Cm
;
rm

ð34Þ

with
HFD

f1


α r α3 
2 e
for r o α2 ;
ðr Þ ¼ exp  α1
r
¼1
for r Z α2 :

ð35Þ

Since all of the ‘A’, ‘B’ and ‘C’ variations are incorporated in
Eqs. (33)–(35), we call this the “HFD-ABC” function.
Some later work with this form involved use of both a
common overall damping function and individual damping functions for each inverse-power term [63], viz.,
HFD

uHFD
LR ðr Þ ¼ f 2
in which

þ β8 r2 þ β 9 r3

ð33Þ

HFD
f2



ρr

(

ρr ¼ 1 

Last
X
 m

Dm ðr Þ

m ¼ m1

ρr
br

Cm
;
rm

ð36Þ

)

1:68

e

 0:78ðρrÞ=br

;

ð37Þ

where ‘br ’ is the Bohr radius, distances have units Å, and
the Dm ðρrÞ functions are the original (s ¼ 0) versions of the
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generalized Douketis damping functions of Eq. (12), while
the system-dependent range-scaling parameter ρ is
deﬁned as described in Section 3.2. Both this “HFD-D”
form of uLR ðrÞ and the “HFD-ABC” form of Eq. (34) are
implemented in dPotFit.
For all HFD cases, the present code deﬁnes the values of
the pre-exponential constant AHFD and the linear exponent
coefﬁcient β1 by applying the constraint that the potential
function has a minimum of depth De at the equilibrium
distance, r e . The input parameters deﬁning such potentials
are therefore: De , r e , γ and β 2 , together with the fC m g
dispersion coefﬁcients, the range-scaling parameter ρ and,
for HFD-ABC functions, the parameters fαi g required to
deﬁne the damping function of Eq. (35).
4.4. Pointwise potential
The ﬁnal type of potential function that may be used by
dPotFit to deﬁne the vibration–rotation levels of a given
electronic state is one deﬁned by a ﬁxed set of read-in
turning points. The dense grid of potential function values
required for solving the radial Schrödinger equation for
that state is then generated by interpolating over and
extrapolating beyond the read-in points using userspeciﬁed procedures (see Appendix B). Potentials of this
type are ﬁxed, having no free parameters that can be
varied in a ﬁt to experimental data. Inclusion of this type
of function allows ﬁts to make use of and/or test previously reported pointwise potentials for one (or more) of
the states of interest.

5. Born–Oppenheimer breakdown (BOB) radial
strength functions

Following the approach of Ref. [9], the radial strength
functions characterizing the atom-dependent potentialenergy and centrifugal BOB corrections of Eqs. (3) and (4)
are expanded in the same form utilized for the exponent
coefﬁcient-function of the PE-MLR potential:
NAad
h
iX
A
uAi yrqead ðrÞi ;
S~ ad ðrÞ ¼ yrpead ðrÞuA1 þ 1  yrpead ðrÞ

ð38Þ

i¼0

N Ana
h
iX
A
t Ai yrqena ðrÞi :
R~ na ðrÞ ¼ yrpena ðrÞt A1 þ 1  yrpena ðrÞ

isotope shift [9,19]. For all states that dissociate into
ground-state atoms, uA0 and uB0 deﬁne the difference
between the well depths of those states for the various
atom-A and atom-B isotopologs, such that

δDðeαÞ ðX Þ ¼

ð39Þ

i¼0

The structure of Eqs. (38) and (39) allows the asymptotic
behaviors and equilibrium properties of these functions
either to be speciﬁed by the user, or to be determined in a
A
ﬁt. In particular, the limiting asymptotic value of S~ ad ðrÞ is
A
u1 . Hence, if the zero of energy is deﬁned as the energy of
ground-state atoms separated at r-1 (the convention
recommended here), then uA1  0 for all electronic states
that dissociate to yield ground-state atoms, while for a
state that dissociates to yield atom A in an excited electronic state, uA1 is determined by the associated atomic

ΔMðAαÞ
M ðAαÞ

uA0 þ

ΔMðBαÞ
M ðBαÞ

uB0 :

ð40Þ

Alternatively, if one wishes to deﬁne the potential minimum of the ground state as the absolute zero of energy,
the values of uA0 ðXÞ and uB0 ðXÞ would be ﬁxed at zero, and
the values of uA1 and uB1 would then deﬁne the isotopolog
dependence of the well depth via an expression analogous
to Eq. (40). A user of dPotFit may select this (not recommended) alternate convention by choosing, in the input
data ﬁle, to ﬁx uA0 ðXÞ ¼ uB0 ðXÞ ¼ 0 while allowing uA1 and uB1
to be varied freely. In either convention, uA0 and uB0 would
determine the electronic isotope shift for excited states.
The algebraic form of Eq. (38) and its expansion variables means that the limiting long-range behavior of these
functions, and hence also of the adiabatic correction difference potential of Eqs. (1) and (3), will be a term that is
proportional to 1=r pad with a coefﬁcient deﬁned by the
A=B
vagaries of the ui values obtained from the ﬁt. Thus, for
cases in which the reference-isotopolog potential has an
inverse-power tail with the form of Eq. (11), one must set
pad 4mLast in order to ensure that the limiting asymptotic
fαg
behavior of the effective adiabatic potentials V ad
ðrÞ is the
same for all isotopologs [64].
For the few special cases in which differences between
the long-range tail coefﬁcients C m for different isotopologs
are known, that knowledge may be incorporated by
A=B
replacing the constant u1 in Eq. (38) by the expansion
u1 

5.1. BOB functions deﬁned with a ‘selected isotopolog’
reference species
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δC m1 δC m2
r m1



r m2

⋯

δC mLast
r mLast

:

ð41Þ

For cases in which the isotope-dependence of (some of)
the C mi is not known, these terms either may be ignored,
or the input values of the δC mi coefﬁcients may be ﬁxed at
zero. However, in the special cases in which such isotopedependence can actually be calculated, one should deﬁne
the ﬁxed input value of this coefﬁcient for atom A or B as
0
1
ð2Þ


M
=B
A
A=B
A C ð2Þ  C ð1Þ ;
ð42Þ
δC mi  @ ð2Þ
mi
mi
ð1Þ
M A=B  M A=B
in which α ¼ 1 for the reference isotopolog and α ¼ 2 for
the selected second isotopolog for which the isotopically
different C ðmαiÞ coefﬁcient has been determined.
By analogy with the case for Eq. (38), the algebraic form
of Eq. (39) and its expansion variables means that its
limiting long-range behavior will be to approach the limA=B
iting value of t 1
with a term proportional to 1=r pna whose
coefﬁcient is deﬁned as the difference between t A=B
1 and
A=B
the sum of the ft i g coefﬁcients. However, the absence of
any general theoretical knowledge about the long-range
behavior of these functions leads to the recommendation
that one should simply ﬁx pna ¼ qna .
There are no physical constraints on the values of the
integers qad and qna that deﬁne the expansion variables in
Eqs. (38) and (39), so they must be selected by the user by
trial-and-error (q ¼ 3; 4; … are reasonable trial values)
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subject to the twin objectives that the resulting functions
provide a compact and accurate representation of the data,
and that they approach their asymptotic values without
having spurious extrema in the intervals outside the datasensitive region (see Fig. 3 of Ref. [9]). It may be convenient to set qna ¼ pna , and sometimes also to set
A=B
q ¼ p , in order to obtain expressions for R~ ðrÞ and
ad

ad

ad

A=B
S~ na ðrÞ that involve only a single type of radial variable
[15]. However, too-large values of qad or qna tend to require
the expansions to have an excessive number of terms,
while too-small values may lead to functions with
implausible extrema in the extrapolation regions [9]: thus,
case-by-case experimentation is required. Note that since
EMO potential energy functions do not have any inversepower limiting long-range behavior, dPotFit internally
sets pad ¼ qad in Eq. (38) when an EMO function is used for
the potential energy.
As was discussed in Ref. [9], the limiting asymptotic
A
value of the centrifugal BOB correction function R~ na ðrÞ
A
should always be t 1 ¼ 0, unless the species in question is a
molecular ion that yields A þ or A  upon dissociation, in
which case qA1 would have a small non-zero value [9]. For
example, for a molecular ion ABCHARGE that dissociates to
yield a neutral atom B plus the atomic ion ACHARGE , this
limit is

t A1 ¼

μðA

μ

W
CHARGE

; BÞ

1 

Qme
Qme
þ
MA
MA

2

þ

Qme
MA

3

þ ⋯;
ð43Þ

in which μW is the charge-modiﬁed reduced mass of Eq.
(2), and μðACHARGE ; BÞ is the usual two-body reduced mass
of the ion ACHARGE with the neutral atom B. In practice
however, the magnitude of this calculated value of t A1 is
often negligible relative to the variation of the function
A
R~ na ðrÞ across the data-sensitive region, so no signiﬁcant
loss of accuracy is introduced by simply ﬁxing t A1 ¼ 0, as
one does for neutral species [37].
At the other limit of r ¼ r e , a convention commonly
associated with use of the Watson radial Hamiltonian of
Eq. (1) is to ﬁx the leading power-series coefﬁcient of Eq.
(39) at t A0 ¼ 0, as theory shows that this parameter is 100%
correlated with the leading adiabatic-correction shape
parameter uA1 , and that it represents an indeterminate
integration constant in the theory [6,7,9]. However, the
value of g ðαÞ ðr  r e Þ is related to observable magnetic
properties of the molecule [37,65–68], so that when
measurements of those properties are available, it may be
appropriate to ﬁx t A0 at some speciﬁc non-zero value, or
even to allow it to be varied in the ﬁt [37]. dPotFit allows a
user to select any of these options.
5.2. BOB functions deﬁned with a ‘clamped nuclei’ reference
species
Although the BOB parameterization of Eqs. (1), (3) and
(4) is preferred for a number of reasons [8], the formally
equivalent alternate parameterization of Watson's original
paper [6] has also sometimes been employed, so dPotFit
allows the user to employ either formulation. In the
Watson approach, the effective adiabatic potential V ð1Þ
ðrÞ
ad

for reference isotopolog α ¼ 1 is replaced by the “clamped
nuclei” potential V CN ðrÞ to give the radial equation:
(
2
h
i
ℏ2 d
αÞ

ðrÞ
þ V CN ðrÞ þ ΔV ðad;W
2
2μα dr
)
2
i
½JðJ þ 1Þ  Λ ℏ2 h
ðαÞ
þ
1
þ
g
ðrÞ
ψ v;J ðrÞ ¼ Ev;J ψ v;J ðr Þ;
W
2μα r 2
ð44Þ
while the mass-independent radial functions in the
potential energy and centrifugal BOB terms are scaled by
the factors me =M ðAαÞ and me =M ðBαÞ , in which me is the electron mass,
αÞ
ΔV ðad;W
ðr Þ ¼
αÞ
ðr Þ ¼
g ðW

me ~ A
me B
S ad;W ðr Þ þ ðαÞ S~ ad;W ðr Þ;
MB

MðAαÞ

me ~ A
me B
R na;W ðr Þ þ ðαÞ R~ na;W ðr Þ:
MB

MðAαÞ

ð45Þ

ð46Þ

Program dPotFit requires the user to select either this
parameterization or that of Eqs. (3) and (4) by specifying
an appropriate value of the parameter BOBCN (see READ # 9
in the input data description of Appendix C). In either case,
A=B
A=B
the radial strength functions S~ ad ðrÞ and R~ na ðrÞ are
expanded as in Eqs. (38) and (39), but the magnitudes of
the
expansion
parameters will
differo by the factors
n
o
n
A=B
A=B
ðαÞ
ð1Þ
ΔMA=B
=me for Sad;W ðrÞ and M A=B
=me for Rad;W ðrÞ.
5.3.

Λ-Doubling splittings for singlet states

It was shown in Ref. [10] that for singlet states with

Λ 4 0, the effect of Λ-doubling splittings may be taken into
account by inclusion of an additional term in the effective
radial Schrödinger equation, to yield
(
2
h
i
ℏ2 d
αÞ

þ V ð1Þ
ðrÞ þ ΔV ðad
ðrÞ
ad
2
2μα dr
þ

2

½ Jð J þ 1Þ  Λ ℏ2 
1 þ g ðαÞ ðrÞ
2μα r 2
)

þsgΛ ðe=f ÞΔV ðΛαÞ ðrÞ½ Jð J þ1ÞΛ ψ v;J ðrÞ ¼ Ev;J ψ v;J ðrÞ;
ð47Þ
in which sgΛ ðe=f Þ is a dimensionless numerical factor
deﬁned by the e=f parity of the level of interest (see
below), and the overall Λ-doubling function is deﬁned as
[69],

ΔV ðΛαÞ ðrÞ ¼

ℏ2
2μα r 2

2Λ

f Λ ðr Þ:

ð48Þ

No general theoretical predictions regarding the longrange behavior expected for the Λ-doubling function
ΔV ðΛαÞ ðrÞ are known to the author, other than that imposed
by the ﬁrst factor on the right-hand side of Eq. (48). The
mass-independent radial function f Λ ðrÞ is therefore written as a simple polynomial expansion in the reduced
variable yrpeΣ ðrÞ of Eq. (5), that is,
f Λ ðrÞ ¼

NΛ
X
i¼0

i
re
wΛ
i yqΛ ðrÞ ;

ð49Þ
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in which the expansion coefﬁcients wΛ
have units
i
1=ðcm  1 Þ2Λ  1 [70]. The fact that yrqe ðrÞ-1 as r-1 means
that f Λ ðrÞ will necessarily approach a ﬁnite value in this
limit, and hence that at long range ΔV ðΛαÞ ðrÞ p 1=r 2Λ .
If the dominant perturbing state giving rise to the Λþ
doubling has 1 Σ symmetry, then sgΛ ðe=f Þ ¼ þ1 for eparity levels, and equals 0 for f-parity levels. Similarly, if

the perturbing state has 1 Σ symmetry, then sgΛ ðeÞ ¼ 0
and sgΛ ðf Þ ¼  1. Should if the identity of the dominant
perturbing state be unknown, or if one does not wish to
make any a priori assumption about its symmetry, sgΛ ðe=f Þ
is normally set to þ 12 for e-parity levels and  12 for f levels.
dPotFit requires the user to select one of these conventions for sgΛ ðe=f Þ when ﬁtting to or predicting Λ-doubling
splittings for a given electronic state.
5.4. Doublet splittings for 2 Σ states
In 2 Σ state molecules, the quantum-number label J is
normally assigned to the total angular momentum, which
!
is the vector sum of the spin ( S ) and nuclear rotational
!
! ! !
( N ) angular momenta, i.e., J ¼ N þ S . The interaction of
!
!
N with the total electron spin angular momentum S
gives rise to a term in the Hamiltonian with the form
! !
γ N  S , which causes shifts of the e and f parity components of a given rotational level that increase linearly with
N. A derivation analogous to that used for Λ-doubling [10]
yields the following effective radial Hamiltonian for an
electronic state with 2 Σ symmetry:
(

h
i
ℏ2 d
αÞ
þ V ð1Þ
ðrÞ þ ΔV ðad
ðrÞ
ad
2μα dr 2
2



ð50Þ


NðN þ1Þℏ2 
1 þ g ðαÞ ðrÞ
2μα r 2
o
þ sgΣ ðe=f ; NÞΔV ðΣαÞ ðrÞ ψ v;J ðrÞ ¼ Ev;J ψ v;J ðrÞ;
þ

ð51Þ

in which sgΣ ðe; NÞ ¼ þ N=2, sgΣ ðf ; NÞ ¼  ðN þ 1Þ=2 and

ΔV ðΣαÞ ¼

ℏ2
f ðr Þ;
2μα r 2 Σ

and as for the case of
expanded as
f Σ ðrÞ ¼

X
i¼0

ð52Þ

Λ doubling, the radial function is

i
re
wΣ
i yqΣ ðrÞ ;

ð53Þ
Σ

in which the expansion coefﬁcients wi are dimensionless.
In spite of their different mass and quantum-number
dependence, the formal structure of the treatments of Λdoubling fe=f g splittings and 2 Σ state fe=f g splittings is
quite similar. As a result, the control parameters governing
this treatment are input to dPotFit through the same set of
READ statements, and the integer input parameter IOMEG
formally associated with the deﬁnition of the value of Λ
(see READ # 7 in Appendix B) is used to distinguish between
the two cases.
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6. Computational methods
6.1. Solving the radial Schrödinger equation
The central computational activity of program dPotFit
is solving the effective radial Schrödinger equation of (1),
(44), (47) or (50) many hundreds or thousands or tens of
thousands of times. In particular, in each cycle of the
iterative non-linear ﬁts, it must solve one of these equations in order to determine the upper- and/or lower-state
eigenvalue(s) of every transition in the data set with a
numerical accuracy at least an order of magnitude better
than the experimental uncertainty for that datum. It also
must determine the associated radial eigenfunctions in
order to generate the partial derivatives of every eigenvalue with respect to each of the parameters in the
Hamiltonian for that electronic state using the Hellmann–
Feynman theorem expression
 
*
+
∂H

∂Ev; J
 b
¼ ψ v; J ðr Þ ψ v; J ðr Þ :
ð54Þ
 ∂pj 
∂pj
These quantities are required in order to provide the partial derivatives of each datum with respect to all parameters of the model that are required by the least-squares
ﬁtting procedure.
dPotFit performs these eigenvalue/eigenfunction calculations using a numerical propagation algorithm based
on the famous Cooley–Cashion–Zare subroutine SCHR [71–
75]. The present version of that routine incorporates several unique features, such as the ability to locate quasibound (or tunneling-predissociation) levels automatically,
and to calculate both their widths and the partial derivatives of those widths with respect to the potential function
parameters [4,10,76,77]. This last capability is required for
cases in which measured tunneling predissociation level
widths are included in the experimental data set being
analyzed [10]. Most details and features of the
Schrödinger-solver routine SCHRQ used by dPotFit are
described in Ref. [4] and the online manual for earlier
versions of that program [78], and hence need not be
discussed here. However, it is important to point out the
role and signiﬁcance of three parameters that control the
numerical propagation procedure, and must be speciﬁed
in the input data ﬁle.
The accuracy of the eigenfunctions and eigenvalues
obtained using subroutine SCHRQ is largely determined by
the size of the ﬁxed radial mesh RH (read on line # 11 of the
data ﬁle) used in the numerical integration of Eqs. (1), (44),
(47) or (50). For potentials that are not too steep or too
sharply curved, sufﬁcient accuracy is normally obtained by
using an RH value that yields a minimum of
50 mesh
points between adjacent wavefunction nodes in the classically allowed region. An appropriate mesh size (in units
Å) may be estimated using the ‘particle-in-a-box’ expression


1=2 
RH ¼ π = NPN  μ  maxfE VðrÞg=Cu
ð55Þ
in which NPN is the selected minimum number of mesh
points per wavefunction node (say 50), ‘maxfE VðrÞg’ is the
maximum of the local kinetic energy (in cm  1) for the levels
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under consideration (an upper bound to which is the potential
well depth De ), the reduced mass μ is in amu, and the
numerical factor Cu  ℏ2 =2 ¼ 16:857629206 [amu Å2cm-1].
A value of NPN that is too small yields unreliable results, while
a value that is too large may consume excessive computational effort and require that array dimensions be made
inconveniently large. Note that while Eq. (55) may be a useful
starting point, a careful user should always examine the effect
of different RH values on the calculated band constants written to Channel 7 in order to ensure that the computation
yields results that have an accuracy that is adequate for their
particular application.
The numerical integration is performed on the interval
from RMIN to RMAX (see READ statement # 11) using the
Numerov algorithm [71,79]. These bounds must lie sufﬁciently far into the inner and outer classically-forbidden
regions (for which V eff ðrÞ 4 Ev;J ) that the wavefunction has
decayed by several orders of magnitude relative to its
amplitude in the classically-allowed region. The present
version of the code prints warning messages if this decay is
not smaller by a factor of at least 10  9; if such warnings are
printed, a smaller RMIN or larger RMAX value should be used
to remove them and to ensure that the desired accuracy is
achieved. However, if RMIN lies too far into the classicallyforbidden regions and ½V J ðrÞ  E becomes extremely large,
then the integration algorithm may become numerically
unstable for the speciﬁed mesh size. If this occurs, a warning
message is printed, and the beginning of the integration
range is automatically shifted outward until the problem
disappears. Use of a slightly larger value of RMIN would
cause such warning messages to disappear and (marginally)
reduce the computational effort. For most diatomic molecules, a reasonable value of RMIN is ca. 0:5  0:8 times the
smallest inner turning point for the levels involved in the
data set, but for hydrides or other species of low reduced
mass, even smaller values may be required.
The program internally deﬁnes the upper bound on the
range of numerical integration as the smaller of the readin value of RMAX or the largest distance consistent with the
speciﬁed mesh and the internally-deﬁned (see Section 8.2)
potential energy array dimension. As with RMIN, the
choice of RMAX is not critical so long as (for truly bound
states) the wave function has decayed to an amplitude
much smaller than that in the classically allowed region,
and the same relative amplitude decay test (of 10  9) is
used for it. However, due to the anharmonicity of typical
molecular potential curves, the requisite values of RMAX
are much larger for highly excited vibrational levels than
for those lying near the potential minimum. Moreover, for
quasibound levels, RMAX should lie in the classicallyallowed region beyond the outermost potential function
turning point for the level in question.
6.2. Calculating ‘pressure’ and ‘acoustic’ second virial
coefﬁcients
For molecules formed from ground-state rare-gas atoms,
measured “pressure” and “acoustic” second virial coefﬁcients,
B2 ðTÞ and β2a ðTÞ, respectively, may be employed together
with spectroscopic data in a combined analysis to determine
a potential energy function for the species in question.

dPotFit is able to ﬁt to a combination of virial coefﬁcients
with the various types of spectroscopic data [80]. “Pressure”
second virial coefﬁcients are computed semi-classically as
the sum of the classical term and the ﬁrst and second
(translational) quantum corrections [81–83], that is,
B2 ðT Þ ¼ Bcl ðT Þ þ

ℏ2 I
ℏ2
BQ ðT Þ þ
2μ
2μ

2

BIIQ ðT Þ þ ⋯:

The classical term may be written as
Z 1h
i
e  V ðrÞ=kB T  1 r 2 dr;
Bcl ðTÞ ¼  2π N A

ð56Þ

ð57Þ

0

in which N A is the Avogadro number, kB is the Boltzmann
constant, and m is the atomic mass, while the ﬁrst quantum
correction, BIQ ðTÞ, is given by
!Z
2
1
1
dVðrÞ
e  VðrÞ=kB T
r 2 dr;
ð58Þ
BIQ ðT Þ ¼ π NA
3
dr
6ðkB TÞ
0
and the second quantum correction, BIIQ ðTÞ, is given by
2
!Z
!2
2
1
1
II
 V ðrÞ=kB T 4 d VðrÞ
e
BQ ðT Þ ¼  π N A
2
60ðkB TÞ4
0
dr
þ


2 dVðrÞ
dr
r2
5
36ðkB TÞ

2

2

þ
dVðrÞ
dr

10 1 dVðrÞ
9kB T r
dr
#

3

4

r 2 dr:

ð59Þ

Since all three terms are explicit functions of the potential
energy function and its radial derivatives, it is a straightforward matter to determine expressions for the partial derivatives of B2 ðTÞ with respect to the potential function parameters that are required for the least-squares ﬁt procedure.
Just as “pressure” second virial coefﬁcients explain the
leading deviation of the P vs. V behavior of a gas from the
‘ideal gas law’ PV ¼nRT, so the “acoustic” second virial
coefﬁcients provide analogous explanations for non-idealgas behavior of the speed of sound. As it has been argued
that the temperature dependence of the acoustic second
virial coefﬁcient is an even more sensitive test of a proposed empirical or theoretical PEF [84,85], acoustic second
virial coefﬁcients have been included as an additional type
of experimental data to which dPotFit can ﬁt. The
“acoustic” second virial coefﬁcient β2a ðTÞ may be written
as a linear combination of the usual “pressure virial”
coefﬁcient B2 ðTÞ with its ﬁrst and second derivatives with
respect to temperature (see Eq. (19) of Ref. [83]), which
means that it may be expressed in terms of a sum of
integrals analogous to those of Eqs. (57)–(59).
All of Eqs. (57)–(59) involve numerical integration over
the range r A ½0; 1Þ of integrands which, for physically
realistic potential functions, are everywhere ‘well
behaved’. Program dPotFit performs all of these integrations at the same time, after ﬁrst mapping this semiinﬁnite domain onto the ﬁnite interval ypvir ðr; r e Þ A ½ 1; þ 1
where yrpevir ðrÞ is deﬁned by Eq. (5), and applying a standard
eight-point Gauss–Legendre quadrature procedure, with a
twist. Following an initial eight-point integration across
the interval ½  1; þ1, that interval is divided in two,
analogous quadratures are performed over both halves,
and their sum is compared to the result from the
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preceding step. This bisection procedure is then applied to
each subinterval, and the procedure repeated until the
desired degree of convergence (currently 0.0001%) is
achieved. The present code uses a mapping coordinate
deﬁned by pvir ¼ 1. In any case, standard formulae suggest
that the errors in the resulting virial coefﬁcients should
decrease by a factor of 1=216 with each stage of bisection
(see Section 25.4.30 of Ref. [86]).

7. Fitting strategies
7.1. Initial trial parameters
In a DPF treatment of experimental data, the observables – the transition energies and/or tunneling level
widths – are not linear functions of the parameters of the
radial functions characterizing the effective Hamiltonian.
As in any non-linear least-squares ﬁtting procedure, it is
therefore essential to have a set of realistic initial trial
values for all ﬁt-parameters. For BOB radial functions and
Λ-doubling or 2 Σ -splitting radial functions, this presents
little practical difﬁculty. All of those functions are relatively weak, and practical experience indicates that if their
Λ=Σ
parameters are initially all set to zero or (for the w0
2
coefﬁcient for Λ-doubling or Σ splitting) given some
plausible small initial trial value, and then let go free, the
ﬁts are stable and well-behaved. However, one would not
normally try to obtain an accurate ﬁnal determination of
those supplementary radial strength functions until a
realistic description of the potential energy function for
the reference isotopolog V ð1Þ
ðrÞ has been obtained.
ad
ð1Þ
For the potential energy function V ad
ðrÞ (or V CN ðrÞ)
itself, the problem of determining initial trial parameters is
somewhat more challenging, and a number of strategies
have been utilized. From a conventional preliminary
parameter-ﬁt analysis of the data [56], it is normally
relatively straightforward to obtain a good estimate of the
potential minimum position r e , which is a central parameter for all model potentials. It is normally also not difﬁcult to obtain a plausible initial estimate for the well
depth De , which is a central parameter in the EMO, MLR
and DELR models. Moreover, experience suggests that this
initial trial value of De should often be held ﬁxed until a
good ﬁt to some associated set of exponent expansion
coefﬁcients fβi g is obtained.
The most generally useful method for generating a
realistic set of initial trial βi values is to ﬁt a set of
approximate potential function points generated in some
other manner to the chosen potential form. For example,
one might use a conventional “parameter-ﬁt” analysis of
the data in terms of Dunham expansions or neardissociation expansions [56] to determine analytic level
energy expressions, and then use the resulting functions to
generate a pointwise RKR potential for that state [87,88].
Alternatively, one may use ab initio predictions to deﬁne
such a preliminary potential, or (say, for a double minimum potential) a combination of RKR and ab initio points.
A companion program named betaFIT has been developed
for ﬁtting such input potential arrays to determine realistic
estimates of the exponent expansion coefﬁcients fβi g of an
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EMO, MLR or DELR potential, or of the power-series coefﬁcients fci g of a GPEF potential [5,89].
It is very important to realize that direct potential ﬁts of
the type performed by dPotFit are highly non-linear, and
care must be taken to prevent them from diverging. To
that end, when initial trial values of each of the ﬁtting
parameters are read in, dPotFit requires the user to specify, one-by-one, whether each parameter is to be held
ﬁxed or varied in that particular ﬁt. This allows a user to
release a small number of parameters (say, re , β0 and β 1 )
initially, while holding all others ﬁxed, and once preliminary optimized values of those parameters have been
determined, use then to update the original trial values in
the input data ﬁle and a new ﬁt be performed that allows
additional parameters (say β2 , β3 and β4 ) to be also free.
This sort of stepwise procedure is often necessary to
ensure that the ﬁt to determine the main supporting
potential remains stable. However, once converged values
for r e and set of fβi g parameters have been determined, the
basic description of the system is normally sufﬁciently
well deﬁned that all BOB and/or Λ-doubling or 2 Σ splitting
parameters may be released at the same time.
As an alternative to the use of a code such as BETAFIT to
determine a complete set of trial fβi g parameters in a
single step, one may also proceed in a stepwise manner by
initially considering only a fraction of the data and a small
number of parameters, and then progressively extending
the range until the whole data set has been included. By
specifying parametersVMIN, VMAX and JTRUNC in READ # 7,
dPotFit allows the user to limit the range of data to be
utilized in a given ﬁt without having to edit the data ﬁle.
This makes it quite straightforward to restrict the vibrational range of the data to be considered to (say) v ¼ 0  3
and ﬁt to a potential model that has only (say) r e , β0 and
β1 as free parameters, with all higher-order βi (for i Z2)
ﬁxed at zero. Once a converged ﬁt to that restricted data
set has been obtained, the vibrational range of data and
number of βi parameters may be extended, using initial
trial values of zero for the added higher-order coefﬁcients
βi , and the process repeated until the entire data set has
been included.
7.2. Multi-state ﬁts
Should the ﬁt involve more than one electronic state, it
is often necessary to utilize a stepwise procedure – initially
determining estimates of the parameters for one state at a
time – prior to a ﬁnal step in which all parameters are
freed simultaneously. This tends to be necessary because a
relatively poor initial representation of one state can
inhibit one's ability to determine an optimum representation for another. In some cases, this might be a simple
matter of ﬁrst performing a one-state ﬁt to the pure
rotational and vibration–rotation data for a selected state,
and then holding its parameters ﬁxed while performing a
two-state ﬁt that includes the electronic transition data
and varies only the parameters of the second state. When a
good model is determined for the second state, the twostate ﬁt would then be repeated while allowing the parameters for both states to be ﬁtted simultaneously. However, when electronic transition data are available, they are
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often the only source of information about the upper
vibrational levels of the state of interest, so they cannot be
ignored when one is attempting to obtain a good description of the lower state.
The best way to treat this problem then is ﬁrstly, to ﬁt
to all of the data (electronic and other) involving the ﬁrst
(usually ground) state, while representing the levels of all
other electronic states either as individual term values, or
by sets of band constants for each isotopolog. While a
relatively large number of parameters (sometimes thousands, when term values are ﬁtted!) tend to be required
for such ﬁts, use of this approach means that the determination of parameters for the ﬁrst state is not affected by
the model(s) chosen to represent the other state(s). This
ability to represent the levels of a given state by individual
term values was ﬁrst introduced in Version 1.2 of this code,
and the extension to allow ﬁts to band constants was
introduced in Version 2.0 [90]. These options are invoked
by giving the ‘potential-type’ parameter PSEL that is input
via READ # 9 the value ‘  2’ for a state whose levels are to be
represented by term values or ‘  1’ for a state whose levels
are to be represented by band constants (see Appendix C).
Once a ‘good’ ﬁt is obtained to a model for the potential
energy and any other radial functions required to describe
the ﬁrst electronic state fully, the parameters describing
that state may be held ﬁxed in a two-state ﬁt to determine
an optimum model for a second electronic state. After that
has been done, the parameters for both states should be
ﬁtted simultaneously. This stepwise procedure may then
continue until all of the data have been ﬁtted simultaneously, preferably to potential function models for all of
the electronic states involved in the data set.
Of course, the PSEL ¼  1 or  2 options may also
prove useful for cases in which only fragments of information are available for a given state, or when level energy
irregularities due to perturbations make a potential function treatment impractical.
Note too that because of the vagaries on the manner in
which parameters are enumerated and stored in dPotFit, for
a multi-state analysis in which the level energies of one or
more states are represented by band constants or term value,
those states should be listed last in the main (Channel 5)
input data ﬁle.

8. Practical details ⋯ using dPotFit
8.1. Units, uncertainties and parameter rounding
The units of mass, length and energy used throughout this
program, and assumed for all input data, are u (amu), Å and
cm  1, respectively, except for virial coefﬁcients, whose units
are [cm3/mole]. The values of the relevant physical constants
occur in the program as the single factor Cu  ℏ2 =2 ¼
16:857629206 [amu cm-1 Å2] appearing in the effective radial
Schrödinger Eqs. (1), (44), (47) or (50). This numerical constant is based on the 2010 CODATA recommended physical
constant values [91], while the atomic isotope masses stored
in subroutine MASSES were taken from the 2012 compilation
of Ref. [92].

Because dPotFit performs weighted least-squares ﬁts,
each input datum must be accompanied by an estimated
uncertainty ui in the same units (usually cm  1 ) as the
observable. The quality of a ﬁt of an M–parameter model
to N input data which yields the predicted quantities fycalc
g
i
is characterized by the value of the dimensionless root
mean square deviation dd, deﬁned as
8
"
#2 91=2
N
<1 X
=
obs
ycalc

y
i
i
;
ð60Þ
DRMSD  dd ¼
:N i ¼ 1
;
ui
or by the related p
dimensionless
standard error σf, deﬁned
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
as DSE  σ f ¼ dd N=ðN MÞ. This data weighting allows
observables with very different magnitudes and very different absolute uncertainties (e.g., microwave vs. electronic
band head data), and even different dimensions (e.g., virial
coefﬁcients), to be treated concurrently in an appropriately
balanced manner. A “good” ﬁt is one that yields DSE and
dd values close to unity: a dd value of (say) 3.7 would
mean that, on average, the predictions of the model disagree with the input data by 3.7 times the estimated
experimental uncertainties. Convergence to a value signiﬁcantly greater than unity will reﬂect the fact that either
the experimental uncertainties assigned to the data were
overly optimistic, that the model(s) used for the PEF and/or
BOB corrections are inadequate, or that the data are
affected by non-mechanical perturbations that are not
allowed for in the Hamiltonian of Eq. (1). The non-linear
least-squares procedure implemented in dPotFit is simply
an iterative series of steepest-descent steps which proceed
until dd converges to 7 signiﬁcant digits or it appears that
cumulative numerical round-off errors are inhibiting full
convergence.
In addition to reporting the 95% conﬁdence limit
(approximately ‘two-sigma’) uncertainty in each ﬁtted
parameter, dPotFit follows the approach of Ref. [93] by also
always listing the associated “parameter sensitivity” (identiﬁed as PS in the output). This quantity is deﬁned (see Eq. (4)
of Ref. [93]) as the magnitude of the largest change in the
given parameter whose effect on the predictions of the
model, if all other parameters are held ﬁxed, could increase
σ f by a maximum of ð0:1=MÞσ f . The parameter sensitivity
indicates the degree to which any particular ﬁtted parameter
value may be rounded off while having no signiﬁcant effect
(within the data uncertainties) on the ability of the resulting
parameter set to predict the input data accurately. For the
illustrative cases considered in Ref. [93], to three signiﬁcant
digits, rounding off all parameters at the ﬁrst signiﬁcant digit
of their sensitivity had no meaningful effect on the values of
σ f or dd. In general, these ‘parameter sensitivities’ are
orders-of-magnitude smaller than the overall ‘parameter
uncertainties’, which also take account of interparameter
correlation.
Note that as a ﬂag for the user, in the main (Channel 6)
output ﬁle the listed name of any ﬁtted parameter for
which the (95% conﬁdence limit) parameter uncertainty is
greater than 100% is preceded by a ‘ ’. If this occurs for the
last term in a potential function exponent polynomial or
BOB radial strength function expansion, it usually indicates
that the user has more free parameters in the model than
the data can support.
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Another feature of dPotFit is its implementation
(within subroutine NLLSSRR) of the automated “sequential rounding and reﬁtting” (SRR) procedure of Ref. [93],
which minimizes the total number of signiﬁcant digits
required to represent the overall parameter set with no
(signiﬁcant) loss of accuracy. Application of this procedure
involves a substantial increase (by up to a factor of M=2) in
computational effort relative to that required for an
ordinary ﬁt, so it is usually desirable to omit it in the many
trial ﬁts involved in any global data analysis, such as the
sets of trial ﬁts required to determine manually the optimum values of q, r ref and Nβ. Application of this SRR procedure is turned on or off by the value of the ﬂag IROUND
that is set by the user in READ # 6 of the input data ﬁle. One
would normally turn this ﬂag off (set IROUND¼0) for
preliminary analyses, and only turn it on when one wishes
to generate a ﬁnal parameter set to report and distribute.
As discussed in Ref. [93], in most cases setting
IROUND ¼ 7 1 yields an excellent degree of rounding
without signiﬁcant loss of precision, but in some cases it
may be necessary to set jIROUNDj 41 in order to reduce
the growth of dd during the sequential rounding process.
One ﬁnal choice regarding the manner in which the
least-squares ﬁts are performed is whether or not to perform “robust” ﬁts. As described in Ref. [94] and references
therein, robust least-squares ﬁts attempt to minimize the
effect of data “outliers”, which are deﬁned as observations
that yield anomalously large discrepancies with the model.
When this choice is invoked, dPotFit adopts the approach
of Ref. [94] and replaces the normal least-squares data
2
rob
hweights wi ¼ 1=ðui Þ iby the ‘robust’ weights wi ¼ 1=
2
calc
obs 2
ðui Þ þ ðyi  yi Þ =3 . Because the latter depend on the
then-current degree of agreement of the data with the
model, ﬁts of this type are repeated iteratively, with the
parameter values and the weights being updated in each
cycle until self-consistency is achieved. As a result, robust
ﬁts require substantially more computer time than normal
ﬁts do. Moreover, the fact that robust weighting reduces
 yobs
the effect of large ½ycalc
i
i  values on DSE and dd makes
it more difﬁcult to interpret differences in those quantities
obtained from ﬁts to different versions of a model, and it
may tend to obscure the presence of systematic discrepancies that indicate shortcomings of the model, rather
than of the data. However, our (limited) experience with
this option indicates that it can facilitate identifying ‘bad’
data as well as local and/or systematic discrepancies from
 yobs
a model, when one examines the ½ycalc
i
i  results in the
Channel 8 output ﬁle.
Independent of whether or not a ‘robust’ ﬁt has been
performed, ﬂags for data outliers are provided in the
Channel 8 output ﬁle by the fact that the entry for a datum
for which the absolute value of ½ycalc
 yobs
i
i =ui lies between
2 and 4 is followed by the symbol ‘ ’, that for a datum for
which this quantity lies between 4 and 8 is followed by
‘ ’, while if this quantity is larger than 8, the entry for the
datum is followed by the symbol ‘
’. What should be
done with this information is up to the user.
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8.2. Array dimensions, input/output conventions, and program execution
The operation of program dPotFit involves the use of a
number of moderately large multi-dimensional integer and
double-precision real-number arrays whose size is speciﬁed at
the time the program is compiled. If those arrays are unnecessarily large, it could slow or hinder computations on some
computers. The current version of dPotFit assumes (but does
not require, as it is also compatible with most modern Fortran
compilers) the use of a Fortran-77-type compiler that does not
allow run-time array dimensioning. Thus, since one does not
wish to recompile the code case-by-case, setting those array
dimensions at modest (but adequate) values should facilitate
computations by minimizing computer memory requirements.
The parameters that set the upper bounds on the sizes of the
large arrays are set by PARAMETER statements contained in the
block data subroutine arrsizes.h, which is embedded at a
numerous of locations in the code. A user who wishes to
change any of these dimensions must be sure to make that
change at all occurrences of this bock.
Parameters deﬁned in this way include the maximum
number of isotopologs being considered, NISTPMX, the
maximum number of electronic states, NSTATEMX, the maximum number of ﬁtting parameters, NPARMX, the maximum
number of data, NDATAMX, the maximum number of
observed vibrational levels in any of the electronic states
considered, NVIBMX, and the maximum dimension for the
radial arrays used to store the potential energy and related
functions, NPNTMX. A user should examine the ﬁrst occurrence of this block in the source code before compiling it, and
ensure that these parameters have values adequate for the
types of systems that they will be considering.
dPotFit reads two separate input data ﬁles. The ﬁrst
one contains the experimental data being ﬁtted; its name
is read in line # 2 of the second data ﬁle. The second data
ﬁle is the ‘instruction’ data ﬁle that contains the initial trial
parameters deﬁning the model, plus the control variables
that characterize the problem and specify which type of ﬁt
is to be performed. It is the FORTRAN ‘standard input’ ﬁle
read on Channel 5. The structure of these data ﬁles and the
deﬁnitions of and options for the various input quantities
are presented in Appendices A–C.
The program writes standard output to Channel 6 and
supplementary output ﬁles to a selection of Channels 7–20.
The output to Channel X is written to the ﬁle WRITFILE.X,
where WRITFILE is a user-speciﬁed output ﬁlename that is
input via line # 3 of the (Channel 5) ‘instruction’ data ﬁle.
Channel 6 output summarizes the input data, describes
the nature of the ﬁt being performed, reports the
results of the ﬁt, lists ﬁtted parameters, their
sensitivities, and their 95% conﬁdence limit
uncertainties, and presents a band-by-band
summary of the ½ycalc
 yobs
i
i  results.
Channel 7 output contains values of the band constants
for all speciﬁed levels of all isotopologs in all
states involved in the analysis, as generated from
the ﬁnal results of the ﬁt.
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Channel 8 output consists of a full listing of the
calc
f½ycalc
 yobs
 yobs
i
i g and f½yi
i =ui g values for all
data utilized in the ﬁt.
Channels 10–16 output ﬁles contain arrays of values of the
various radial functions associated with the
model Hamiltonian, and the associated 95%
conﬁdence limit uncertainties.
Channel 10 contains the effective radial potential for the
reference isotopolog V ð1Þ
ðrÞ (or V CN ðrÞ),
ad
Channels 12 and 13 contain the adiabatic BOB radial
A
B
strength functions S~ ad ðrÞ and S~ ad ðrÞ, respectively,
Channels 14 and 15 contain the centrifugal BOB radial
A
B
strength
functions
R~ na ðrÞ
and
R~ na ðrÞ,
respectively, and
Channel 16 contains the radial strength function associated with Λ-doubling or 2 Σ level splittings,
f Λ ðrÞ or f Σ ðrÞ, as appropriate.
Channel 20 contains a listing of the potential function
parameters determined by the ﬁt, formatted so
as to facilitate their inclusion in the ‘instruction’
data ﬁle for a subsequent ﬁt.
Those executing dPotFit in a UNIX or LINUX operating
system environment may ﬁnd it convenient to do so using
a shell named (say) rdpot, such as that shown below,
which may be stored in the system ‘bin’ directory or the
user's ‘bin’ directory:

Note that userpath is a path specifying the location
of the executable ﬁle dpot.x on the user's computer,
and MAKEPRED is deﬁned below. This shell allows the
program to be executed with the simple command:
in which filename.5 is the data ﬁle containing the
instructions regarding the type of ﬁt to be performed.
filename may be any name chosen by the user, but it is
usually convenient if it has a name which identiﬁes the
particular case. If this ﬁle does not reside in the current
directory, this name must also include the relative path.
8.3. Generating sets of predicted transition energies
dPotFit may also be employed to generate a set of predicted data fycalc
i g from a given (ﬁxed) set of input parameters.

This option is invoked by setting the value of the input variable
in READ # 2, which is normally the name of the ﬁle containing
the experimental data, to be MAKEPRED. In this case the program will use READ # 37 in the Channel 5 instruction data ﬁle to
read speciﬁcations and selection rules for bands for which the
user wishes to generate predictions. The resulting predictions
are written in the normal Channel 8 output format to ﬁle
filename.8, and in ‘data input’ format to ﬁle filename.4.
Anyone who wishes to be Registered with the author as
a user of this code, eligible to be sent any future bug ﬁxes
or updates, should ﬁll in the online form at the www
address “http://scienide2.uwaterloo.ca/rleroy/dPotFit16”.
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Appendix. Supplementary data
Supplementary material associated with this paper consists of: a text ﬁle containing the full standalone FORTRAN
source code for program dPotFit, a text ﬁle containing the
sample data ﬁles that are presented in Appendix D, and a
PDF document containing: (i) Appendix A, a detailed illustrative description of the manner in which the various types
of experimental data are to be arranged in the input data ﬁle
whose name is input through READ # 2 of the Channel 5
‘instruction’ input ﬁle, (ii) Appendix B, a structured listing of
the READ statements used in the program, (iii) Appendix C,
full deﬁnitions of all of the parameters and quantities read in
the input ‘instruction’ data ﬁle, and descriptions of the
associated program options, (iv) Appendix D, commented
listings of illustrative sample input data ﬁles, (iv) Appendix E,
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listings of the main (Channel 6) output ﬁles for the illustrative cases of Appendix D, and (v) Appendix F – an overview of the program structure.
Note that the Equation and reference numbering appearing in this Supplemental Material document refer to those
in this Journal article, so for completeness we hereby cite
ten papers referenced there that are associated with particular applications of this code, but had not been referred
to above [103–113].
Supplementary data associated with this article can be
found in the online version at http://dx.doi.org/10.1016/j.
jqsrt.2016.06.002.
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