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The 13Dg state of Na2 has been studied extensively by both filtered fluorescence and ionization
detection and analyzed by both Dunham-type expansion and near-dissociation expansion~NDE!
models in the analysis. Our observations have covered 99.998% of the potential well depth with the
outermost Rydberg–Klein–Rees~RKR! turning point at 28.02 Å. NDE analysis gives
Te528 032.468~60.021! cm21, De57162.436~60.021! cm21, andRe53.463 81~60.000 28! Å.
Significant long-range behavior in the near dissociation levels has been observed. Fitting of the
RKR turning points gives the long-range coefficientsC551.388 ~60.031!3106 cm21 Å5 and
C650.4008 ~60.0046!3108 cm21 Å6. These newly observed results show reasonable agreement
with recent theoretical calculations. ©1995 American Institute of Physics.
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I. INTRODUCTION

Several rovibrational levels~v53–7, 35, 38, 39, 50–55,
57, 58, and 62! of the 13Dg state of Na2 have been experi-
mentally observed by the high resolution cw perturbatio
facilitated optical–optical double resonance techniq
~PFOODR!.1–4 Along with other Rydberg states in Na2, the
fine–hyperfine structure of the 13Dg state has been charac
terized as Hund’s case (bbS) for those observed levels.

2 Ref-
erence 4 also reported 41Sg

1;2 3Pg;1 3Dg triple pertur-
bation analysis for levels (vS ,vP ,vD)5~6,2,7! and ~7,3,8!.
Ab initio calculations5–8 have corroborated these experimen
tal results. One interesting feature emerging from the mo
recent theoretical studies~both ab initio7,8 and long-range
analysis9,10! is that the 13Dg state of Na2 has a purely attrac-
tive potential at long range. Since the 13Dg state is a Ryd-
berg state that dissociates into Na(3s)1Na(3d) asymptotes
and is the lowest one of its symmetry, a detailed experime
tal study of its long-range potential cannot only reveal val
able insights into the long-range interactions in molecul
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Rydberg states as well as ultracold collisions involving ex-
cited state atoms, but also provide a stringent test of th
recent high quality theoretical calculations.

As pointed out in Ref. 1, PFOODR spectroscopy is one
of the most fruitful techniques in the investigation of excited
triplet gerade states. In this technique a PUMP laser is use
to transfer molecular population from the ground singlet
(X 1Sg

1) levels into the singlet (A 1Su
1);triplet (b 3Pu)

mixed ungerade levels which act as windows for the PROBE
laser to access excited gerade triplet states. When high res
lution cw lasers are used, one can resolve the fine–hyperfin
structures which provide important information about elec-
tronic interactions unavailable from singlet spectra alone. I
is therefore a rewarding venture to extend the PFOODR
spectroscopy of the 13Dg state of Na2 over the entire poten-
tial well depth, especially the highest vibrational levels near
the dissociation limit so that the long-range potential of the
1 3Dg state can be constructed accurately and the associat
molecular properties at long range can be studied quantita
tively. In addition, direct observation of the near dissociation
rovibrational levels enables accurate determination of the
dissociation energy through long-range analysis withou
large extrapolations. The importance of such direct experi
mental observation of rovibration levels near dissociation
limit has been summarized by Tellinghuisen.11

To achieve this goal, several challenges must first be
met: ~i! direct observation of both the high-lying near disso-
ciation rovibrational levels and the low-lying near equilib-
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FIG. 1. Experimental setup.
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rium rovibrational levels, which are vital in the determin
tion of the dissociation energy and the long-range poten
and ~ii ! analysis of the spectral data over a wide range
vibrational levels from which the long-range potential can
constructed. In this work,~i! is achieved by using a high
sensitivity cylindrically shielded ionization detector12 and a
cw Ti:sapphire ring laser; and~ii ! is addressed by applyin
the near dissociation expansion~NDE! theory.11,13,14The re-
sults and analysis will be reported in detail in this paper.

II. EXPERIMENT

Figure 1 shows the schematics of the experimental
up. The PUMP laser was a CR 899-29~Coherent Inc.! ring
dye laser operated with DCM or Rhodamine 6G dyes a
pumped by an Innova 200-25~Coherent Inc.! argon ion laser.
Depending on the transition frequencies, the PROBE la
was either a CR 899-29 Ti:sapphire ring laser operated w
short wavelength intracavity optics and pumped by a CR
~Coherent Inc.! argon ion laser, or a CR 899-29 ring dy
laser operated with rhodamine 6G or rhodamine 110 d
and pumped by the Innova 200-25 argon ion laser. Both
PUMP and the PROBE lasers were cw high resolution las
~linewidth 500 kHz! and their frequencies were calibrate
either with an iodine cell for the dye lasers or a uraniu
hollow cathode lamp for the Ti:sapphire laser. The PUM
and PROBE laser beams propagated collinearly in the s
direction ~i.e., the copropagating geometry! into the sodium
heatpipe oven. The sodium heatpipe was operated at a
630 K and with about 0.1 Torr argon as buffer gas.
J. Chem. Phys., Vol. 103,Nov¬2003¬to¬129.97.80.195.¬Redistribution¬subjec
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Two different kinds of detection schemes were used
this investigation. At first, a filtered photomultiplier tube
~PMT! as described in Refs. 1–4 was used to monitor t
UV/violet fluorescence from the excited triplet states. Whi
this method was used in generating a vast amount of succ
ful OODR spectra in the literature, its sensitivity was no
high enough to observe the extremely weak PROBE tran
tions~Franck–Condon factor,1023! into v.84 levels in the
1 3Dg state. More recently, a cylindrically shielded ionizatio
detector12 had demonstrated its superior sensitivity to th
conventional filtered PMT method in the OODR spectra
the singlet states of Na2.

15–21 In this work, near dissociation
levels ~v585–95! of the 13Dg state were observed for the
first time using this novel ionization detector.

In both detection schemes, the PUMP laser was mod
lated by a mechanical chopper and a lock-in amplifier w
used to selectively amplify the OODR signals. For the ve
weak signals, several different ground state (X 1Sg

1) levels
were chosen for PUMP transitions to the same intermedi
levels. In this way, the desired OODR signals were co
firmed and spurious signals from coincidental pumping we
eliminated.

In order to enhance signal-to-noise ratio for the weake
transitions into the last few vibrational levels just below th
dissociation limit, signal averages from repeated slow sca
had to be taken. In some cases, a 10 GHz scan took as l
as an hour to complete. Figure 2 shows the data from one
these scans.
No. 17, 1 November 1995t¬to¬AIP¬license¬or¬copyright,¬see¬http://ojps.aip.org/jcpo/jcpcr.jsp



FIG. 2. PROBE laser spectrum for high lying vibrational levels of the 13Dg state of Na2. The numbers in the parentheses designate the vibrational and
rotational quantum numbersv andN, respectively, of each assigned transition. The intermediate level populated by the PUMP laser isb 3P1u ~v8532,
J8512!, which is 18 040.9510 cm21 above the minimum of theX 1Sg

1 state of Na2 ~Refs. 1–4!.
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III. RESULTS

For all the data taken in this study, the intermediate le
els are theV51 component of theb 3Pu state. Since the
hyperfine splitting of theV51 component of theb 3Pu state
is negligible,22 the typical Hund’s case (bbS) fine–hyperfine
multiplet structure as shown in Fig. 2 is mainly from th
1 3Dg state.1,2 This is indeed the case for all the data o
served, ranging fromv50 to the highest vibrational leve
v595. Selection rules give five allowed PROBE branch
from each intermediate level, viz.,N5J8, J861, andJ862.
Usually theN5J862 branches are weaker than the othe
For every recorded PROBE transition, the ‘‘center of gra
ity’’ average ~i.e., average of the fine–hyperfine multiple
frequencies weighted by their respective peak intensiti!
over all the resolved fine–hyperfine components is taken
the line center which gives the term value for the assign
rovibrational level.

The term values obtained from the two different dete
tion schemes are combined with those published results
the literature1–4 for the analysis to follow. Altogether, the
total data set is comprised of 501 distinct rovibrational leve
covering 57 vibrational bands. In particular, levels both ne
the equilibrium and near the dissociation limit have be
extensively searched for in this work to ensure the quality
the long-range analysis to follow. Figure 3 shows the d
distribution with various sources identified. Since PFOOD
must take the singlet (A 1Su

1);triplet (b 3Pu) mixed levels
as the intermediate levels, we are not at liberty to choose
rotational quantum number in the PROBE step as we wi
J. Chem. Phys., Vol. 103, NDownloaded¬02¬Nov¬2003¬to¬129.97.80.195.¬Redistribution¬subjec
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On the other hand, the vibrational levels in the data set spa
across the entire potential well depth fromv50 to v595. It
is not surprising that this data set presents an enticing albe
challenging task for the analysis.

Since the term values of the intermediate levels have al
been accurately determined in previous studies, the term va
ues of the 13Dg state can be unambiguously calculated and
referred to the minimum of the groundX 1Sg

1 state potential
well. This allowed us to focus the analysis on the rovibra-
tional level energies of the 13Dg state instead of on the tran-
sition frequencies between the two states as in some cases11

In the calculation of all the term values of the 13Dg levels,
the dissociation energyDe(X) of the groundX

1Sg
1 state of

Na2 is taken as 6022.0360.03 cm21 from the most recent
and accurate work23,24 and the second-order correction25 of
Y009

(2) 5 20.0315 cm21 of the groundX 1Sg
1 state has also

been taken into account.

IV. DATA REPRESENTATION AND POTENTIAL
INVERSION

A. Summary of some commonly used algorithms

1. Introduction

Data representation and potential inversion have been
the central themes in the spectroscopy of diatomic
molecules.25 While these two procedures are intrinsically re-
lated to each other, and in some cases, are combined togeth
in a single scheme@such as the inverted perturbation ap-
proach ~IPA! and its variations and extensions26–28#, it is
o. 17, 1 November 1995t¬to¬AIP¬license¬or¬copyright,¬see¬http://ojps.aip.org/jcpo/jcpcr.jsp
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FIG. 3. The field of the (v,N) distribution of the data set employed in the analysis.
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nevertheless worthwhile to distinguish them for the sake
clarity in the ensuing discussions. The goal in data repres
tation is to obtain some compact and accurate expression
summarize all the experimental rovibrational term values
a given electronic state. The quality of data representat
can be best judged by the four criteria elucidated by Trom
and Le Roy:13 accuracy, physics, compactness, and extra
lation ability. The problem of potential inversion is to con
struct a molecular potential curve based on the obser
rovibrational term values in a given molecular electron
state.

There have been many excellent presentations and
views on spectral data representation and molecular poten
inversion.13,23,27–30The summary below is focused mainly o
those methods that are pertinent to our analysis of the 13Dg

state of Na2.

2. Dunham’s procedure

In his classic work31 Dunham derived the relations be
tween the coefficients of the commonly used double summ
tion expression for diatomic energy levels~often referred to
as the Dunham-type expansion!:

E~v,J!5(
l50

`

(
m50

`

YlmS v1
1

2D
l

@J~J11!#m, ~1!

and the coefficients of a power series expansion of the m
lecular potential about its equilibrium minimum:

V~R!5A0FR2Re

Re
G2H 11 (

n51

`

anFR2Re

Re
GnJ , ~2!

whereA0 is a constant.
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Using the relations given by Dunham,31 one can obtain
the potential coefficientsan’s from the rovibrational level
energy coefficientsYlm’s and thus at least in principle con-
struct the potential from the experimental data. However,
Beckel and Engelke32 have pointed out that Eq.~2! has a
convergence radius ofRe since the Born–Oppenheimer po-
tential V(R) has a pole atR50 due to the nuclear–nuclear
repulsion term. Therefore, thispotential inversion procedure
no longer converges whenR.2Re . Though alternatives of
Eq. ~2! may be employed to extend the convergence radius in
the potential inversion procedure~such as the work of Ref.
33!, there have been instances where Eq.~1! itself can no
longer be satisfactorily employedas an expression for spec-
tral data representation. In fact, despite the large amount of
Ylm’s that have to be used, intolerable fitting residuals arise
especially when the data are fitted from the potential mini-
mum all the way up to levels close to the dissociation limit,
as is the case for the 13Dg state of Na2. Clearly, a new
algorithm is called for.

Often times, Eq.~1! is recast into a more convenient
form:

E~v,J!5 (
m50

`

Km~v !@J~J11!#m, ~3!

and

Km~v !5(
l50

`

YlmS v1
1

2D
l

, ~4!

where K0(v)5Gv is the rotationless vibrational energy,
K1(v)5Bv is the inertial rotational constant, andK2(v)
52Dv , K3(v)5Hv , K4(v)5Lv , andK5(v)5M v , etc. are
o. 17, 1 November 1995t¬to¬AIP¬license¬or¬copyright,¬see¬http://ojps.aip.org/jcpo/jcpcr.jsp
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the centrifugal distortion constants. For the 13Dg state of
Na2, J is no longer a good quantum number in Hund’s c
(bbS) coupling. The [J(J11)] factor in Eqs.~1! and ~3! is
replaced by@N(N11)2L2# in the analysis, whereN is the
rotational quantum number andL52 is the projection of the
molecular electronic angular momentum along the inter
clear axis.

3. The near-dissociation expansion theory

At sufficiently large internuclear distances, the lon
range potential attains the limiting form:29,34–36

V~R!'D2Cn /R
n, ~5!

whereD is the energy at the molecular dissociation limit a
Cn is the leading long-range coefficient. Depending on
choice of the zero of the energy scale,D can be either 0
when the energy is referenced to the dissociation limit, or
molecular dissociation energyDe when the energy is refe
enced to the minimum of the molecular potential. Based
Eq. ~6!, Le Roy and Bernstein,34,35 Stwalley,29,36–39and Le
Roy40–43 derived the near dissociation limiting behaviors
the molecular propertiesKm(v). Specifically, they are:
for m50,

K0
`~v !5D2X0~n!~vD2v !2n/~n22!, ~6!

and, form>1,

Km
`~v !5Xm~n!~vD2v !@2n/~n22!22m#, ~7!

where vD is the effective vibrational index at dissociatio
~and generally is noninteger!, and Xm(n)5X̄m(n)/
[mn(Cn)

2] 1/(n22), wherem is the reduced mass of the d
atomic molecule andX̄m(n) are known constants.34–43

It is apparent that the Dunham-type expansion Eq.~4!
does not have the correct limiting behavior@such as the sin
gularity ofKm(v) at vD for higher orderm# and thus canno
be readily and reliably applied to vibrational levels close
dissociation. In order to incorporate the correctKm(v) be-
havior for both near equilibrium and near dissociatio,
Beckel and co-workers,44–47 and Le Roy and co
workers13,14,48–50have developed the near dissociation
pansions~NDE! as expressions for spectral data represe
tion. In its most complete form,13 the vibrational energy ex
pression~GvNDE! can be summarized as

Gv5D2X0~n!~vD2v !2n/~n22!@L/M #s, ~8!

where [L/M ] is a Pade´ approximant of orderL andM :

F LM G5F 11p1z
NDP11p2z

NDP1111•••1pLz
NDP1211L

11q1z
NDQ11q2z

NDQ1111•••1qMz
NDQ1211MG ,

~9!

and s is set either at 1, which yields the ‘‘outer’’ Pade´ ex-
pansions, or at 2n/(n22), which yields the ‘‘inner’’ Pade´
expansions;z5(vD2v)LPWDV, whereLPWDV is the power
of the expansion variable (vD2v); andNDP1 andNDQ1
are the leading powers in the numerator polynomial and
denominator polynomial, respectively. Together withLP-
WDV, NDP1, andNDQ1 determine how quickly the co
rection function [L/M ] s to the limiting behavior@Eq. ~6!#
would ‘‘turn on.’’
J. Chem. Phys., Vol. 103,Downloaded¬02¬Nov¬2003¬to¬129.97.80.195.¬Redistribution¬subje
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Alternatively, exponential expansions can be used:

Gv5D2X0~n!~vD2v !2n/~n22!expF(
l51

L

pi~vD2v ! l G .
~10!

Other molecular properties~such asBvNDE! can also be
expanded as

Km~v !5Km
`~v !expF(

l51

L

plm~vD2v ! l G . ~11!

Equation~8! is, in a mathematical sense,51,52 an analyti-
cal continuation of Eqs.~4! and~6! by Pade´ approximants. In
general Eqs.~8!–~11! require nonlinear least-squares fitting
This can be conveniently done by computer codes~such as
GvNDE andBvNDE!.53 Applications of the NDE algorithm
in diatomic spectroscopy have demonstrated its superior
over the conventional Dunham-type expansion for larg
spectroscopic data sets.11,13,14,54–57Its capability in interpola-
tion of missing data and extrapolation to both highv and low
v for unobserved vibrational levels have been systematica
tested and concluded in Refs. 11, 13, and 47. In summa
NDE extrapolation to lowv is no worse than Dunham-type
expansion; NDE interpolation of gaps between the observ
vibrational levels~i.e., missing data! is comparable to or bet-
ter than Dunham-type expansion; and NDE extrapolation
high v is far better than Dunham-type expansion.

4. The Rydberg –Klein –Rees method for potential
inversion

The Rydberg–Klein–Rees~RKR! method is perhaps the
most widely used potential inversion procedure in diatom
spectroscopy. The classical turning pointsR2(v) andR1(v)
are calculated from the integrals:

R1~v !2R2~v !5
2

b E
vmin

v dv8

@Gv~v !2Gv~v8!#1/2
[2 f ,

~12!

and

1

R2~v !
2

1

R1~v !
5

1

2pb E
vmin

v Bv~v8!dv8

@Gv~v !2Gv~v8!#1/2

[2g. ~13!

Evaluation of the f and g integrals requires well-
behaved continuous representation of theGv(v8) and
Bv(v8) functions. This means that the procedure of spectr
data representation must first be performed properly and, f
thermore, the quality of the RKR potential rests largely wit
the quality of the representation of theGv(v8) andBv(v8)
functions. It should be emphasized thatany well-behaved
representation of theGv(v8) andBv(v8) can serve this pur-
pose. As explained in the foregoing discussions, th
Dunham-type expansion in Eq.~4!, when it is valid, is just
one of the many applicable function forms. Another option
to use spline interpolation of the observedGv’s andBv’s so
No. 17, 1 November 1995ct¬to¬AIP¬license¬or¬copyright,¬see¬http://ojps.aip.org/jcpo/jcpcr.jsp
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that thef andg integrals can be evaluated numerically. Som
RKR potential curves in Na2 have been constructed by thi
numerical technique when the Dunham-type expansion is
longer valid.15–21

When this spline interpolation approach was applied
the data set in the 13Dg state of Na2, however, the highest
few outer turning points exhibited irregular behavior. This
because thef integral ~or the well width function! ap-
proaches infinity at the dissociation limit, so that even sm
errors in the shape of theGv(v8) function in the long-range
region can give rise to large errors in the associated turn
point differences.57 Note that this singularity is different
from the inner wall ‘‘wiggling’’ which is due to the irregular
behavior of theg integral and thus cannot be remedied sim
ply by inner wall smoothing.

The NDE algorithm given by the previous section offe
physically and mathematically more reliable representat
of theGv(v8) andBv(v8), especially when the vibrationa
levels are near the dissociation limit, primarily because E
~8!–~11! have explicitly the correct limiting behavior in the
long-range region. In our code~RKR1!,58 nonlinear least-
squares fitted NDE coefficients forGv andBv are taken as
the input to evaluate thef andg integrals.

While it is possible~and, in some cases, even desirab!
to calculate the effective potentialUJ(R) directly by the
RKR method,24,59 it is more common to construct the rota
tionless RKR potential curve which is given by Eqs.~12! and
~13!. This requires the extraction ofGv’s andBv’s from the
observed rovibrational term values. Since our data set c
tains levels with high rotational quantum numberN, or levels
with very large internuclear distances, higher-order centri
gal distortion contributions cannot be neglected in the de
mination of theGv’s andBv’s. Unfortunately, the accessible
rotational quantum numbers are limited by the intermedi
window levels and there are not enough to determine una
biguously all the higher-order centrifugal distortion constan
directly through least-squares fit.

To circumvent this problem, Hutson’s code60,61 ~CDIST!
has been adopted to calculate the centrifugal distortion c
stants Km(v), where m52–5. An iterative procedure is
taken. First, direct fit@i.e., with m50–1 in Eq. ~3!# to the
experimental data gives the approximateGv andBv values
from which an approximate RKR potential is constructe
With the first approximate RKR potential, the CDIST cod
computes the centrifugal constants which will be held fix
in the next fitting ofGv andBv constants@i.e., withm50–5
in Eq. ~3!, but them52–5 terms are held fixed at the com
puted values#. In this way, a set of ‘‘mechanically consistent
molecular constants can be obtained when the observed
tational levels are limited.13,60,61

B. Limited analysis by Dunham fit

Due to the inadequacies of Dunham-type expansion
data representation, only a limited set of data could be fit
by Eq.~1!. Table I lists the Dunham coefficients of the 13Dg

state of Na2 for vibrational levelsv50–20. Second order
corrections ofY00

~2!50.0016 cm21 for the 13Dg state and
Y009

(2) 5 20.0315 cm21 for the groundX 1Sg
1 state have
J. Chem. Phys., Vol. 103,Downloaded¬02¬Nov¬2003¬to¬129.97.80.195.¬Redistribution¬subjec
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been included in theTe value. The dissociation energyDe is
calculated relative to the spin–orbit-averaged Na(3s)
1Na(3d) limit. @This is justified in Sec. V A.# Molecular
constants from previously published work3 and recentab ini-
tio calculations7,8 are also listed in Table I for comparison.
These results show remarkable agreement. Since the curr
fit includes the lowest vibrational levels, theTe andDe val-
ues here are more accurate than those in Ref. 3. In gene
the newly fitted Dunham coefficients can reproduce the ob
servedv50–20 term values to within60.01 cm21 or better.
The exception comes with the~v56,N538! level, where the
difference between the observed and the calculated te
value is 0.02 cm21.

C. Full analysis by NDE fit

In order to account for the contributions from the cen
trifugal distortion terms, the full NDE analysis adopts the
iterative procedure outlined at the end of Sec. IV~A 4!. The
principal steps are also illustrated in Fig. 4. Convergence w
achieved after three iterations. The final converged values
Gv andBv from the least-squares fit are listed in Table II

TABLE I. Primary molecular constants of the 13Dg state of Na2.

Magnier
et al.a,b

Li
et al.a,c This worka,d This worka,e

Te 28026 28 030.3 28 032.4802 28 032.468
~0.4!f ~0.023!f ~0.021!f

Y10 128.7 130.01 129.565 6964 129.4635
~0.02! ~0.011! ~0.0010!

Y20 20.4806 20.451 285 0119
~0.0014! ~0.0025!

103Y30 1.457 0.771 817 1705
~0.040! ~0.17!

104Y40 20.2425 20.215 657 1907
~0.0034! ~0.037!

Y01 0.1227 0.122 159 1588 0.122 232
~0.0004! ~0.000024! ~0.000 020!

103Y11 20.7302 20.646 275 1870
~0.0066! ~0.0072!

105Y21 0.608 091 0525
~0.18!

106Y31 20.457 111 3098
~0.16!

108Y41 0.976 790 9115
~0.48!

106Y02 20.40 20.426 928 4626
~0.09! ~0.0063!

De 7039 7164.6 7162.426 7162.436
~0.4!f ~0.023!f ~0.021!f

Re 3.47 3.4572g 3.464 844g 3.463 81
~0.0056! ~0.000 34! ~0.000 28!

aAll quantities are in cm21, except thatRe is in Å. 1s uncertainties are in
parentheses.
bFrom Refs. 7 and 8.
cFrom Ref. 3. Note that there is a printing error in Ref. 3 for the value o
Y10.
dBased on Dunham fitting of data set 0<v<20, and 2<N<51. The figures
given here are obviously not all significant. However, rounding would ad
versely affect the ability to reproduce accurately the energy levels.
eBased on NDE fitting of the entire data set 0<v<95, and 2<N<51.
fThe second-order correctionsY00 for the groundX

1Sg
1 state and the 13Dg

state, respectively, have been included.
gCalculated fromBe5Y015h/(8p2cmRe

2).
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FIG. 4. The iteration procedure used in the full NDE analysis.
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along with the associated 1s deviations in the fit. These re
sults as well asDGv11/2 are also plotted in Fig. 5. It is
apparent from the plots that thev539, 83, and 84 levels are
perturbed so that these data points were excluded from
final fits. Since the NDE algorithm has been shown to
able to interpolateGv and Bv functions between the ob-
served data points,11,13,47the missing intermediate vibrationa
levels in Fig. 3 should not have severe adverse effects on
quality of the overall potential. The data presented in Table
form the basis for the ensuing NDE and long-range analy

In order to carry out the NDE analysis effectively, th
GvNDE53 fit was conducted first. Recent theoretical calcu
tions show that the 13Dg state of Na2 has a purely attractive
potential at long range9,10 with the leading ~limiting!
coefficient9 C55792 281.769 cm21 Å5. This theoreticalC5
value was held fixed in all the NDE fits. This is warrante
because these theoretical values are of high quality and
cause long-range limiting behavior is not very sensitive
errors inCn . Based on considerations of deviations fro
limiting behavior by higher-orderCm contributions, the lead-
ing power in the expansion is set byLPWDV51, NDP1
52, andNDQ152. Considering the compactness, accura
and numerical stability against round-off errors, the@0/15#
inner Pade´ expansion@Eq. ~8! with s510/3# is chosen among
all the converged fits as the recommended expression to
resent the entire set of observedGv values listed in Table II.
The results are listed in Table III. Note that the individu
expansion parameters$qi% have no physical significance, s
their statistical uncertainties are not reported. The residu
of theGvNDE fit ~i.e., the differences between theGv val-
ues in Table II and the calculated values from the parame
in Table III! are in general quite small. The largest residual
0.07 cm21 for the v56 level. To verify the model depen
dence of the fittedDe and vD values, an ‘‘averaging-over-
models’’ procedure as described in Ref. 14 is performed. F
the 119 converged NDE fits based on Eqs.~8!–~10! with
total number of fitting parameters between 10 and 17,
J. Chem. Phys., Vol. 103, NDownloaded¬02¬Nov¬2003¬to¬129.97.80.195.¬Redistribution¬subjec
the
e

the
II
is.

-

be-
o

y,

ep-

l

als

rs
is

or

e

averagedvD has a value of 96.8060.20, in excellent agree-
ment with our recommended valuevD596.88560.049 in
Table III.

The vD andDe obtained in the aboveGvNDE fits are
held fixed together with the theoreticalC5 in the subsequent
BvNDE53 fits. The final converged and rounded results are
listed in Table IV. The parameters in Table IV can reproduce
theBv values in Table II satisfactorily, with the largest dif-
ference of about 2% for thev592 level.

The quality and consistency of the NDE fits is also dem-
onstrated in Fig. 5, whereGv andBv curves calculated from
the NDE parameters in Tables III and IV overlap completely
with the circles denoting the observed experimental values i
Table II ~except the perturbedv539, 83, and 84 levels! and
with the curves computed quantum mechanically by the
CDIST code.

One of the powerful features of the NDE algorithm is its
capability to extrapolateGv andBv for levels higher than the
observed ones,11,13,47as long as part of the data set is in the
long-range region. In the case of the 13Dg state of Na2, Gv ,
andBv values of the unobservedv596 level can be extrapo-
lated based on the NDE fits in Tables III and IV. This enables
us to construct physically reliable RKR potential fromv50
all the way up tov596, even though the last bound level
was not experimentally observed.

These finalGv andBv NDE coefficients are taken as the
input for the RKR158 program which computes the first-order
RKR potential curve. Table V lists the output from the pro-
gram. The final RKR potential curve of the 13Dg state of Na2
is plotted in Fig. 6. The inner wall ‘‘wiggling’’ occurred at
v565. For levels fromv565 up @or corresponding to inner
turning pointR2~65!<2.3597 Å# the inner turning points are
smoothed according to62,63

V~R2! ~cm21!5505.797410.266 864 333107

3exp$22.590 700 19R2~Å !%. ~14!
o. 17, 1 November 1995t¬to¬AIP¬license¬or¬copyright,¬see¬http://ojps.aip.org/jcpo/jcpcr.jsp
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To test the quality of the RKR potential, eigenvalue
obtained from the RKR potential by solving the radial Schr¨-
dinger equation with the EIGEN code64 are compared with
the experimentally observed term values. The differences
about 0.1 cm21 or less in most cases. Noticeably larger d

TABLE II. Least-squares fittedGv andBv values and their associated sta
tistical 1s deviations. Note: All quantities~exceptv! are in units of cm21.
The entries listed here are the final converged values after three iteration
the steps outlined in Fig. 4 and in the text.

v Gv s(Gv) Bv s(Bv)

0 64.6767 0.0049 0.121 848 0.000 002
1 193.3494 0.0082 0.121 207 0.000 005
2 321.1145 0.0134 0.120 582 0.000 008
3 448.0034 0.0705 0.119 961 0.000 043
4 574.0199 0.0577 0.119 325 0.000 035
5 699.0835 0.0327 0.118 732 0.000 020
6 823.2410 0.0149 0.118 144 0.000 007
7 946.7171 0.0208 0.117 448 0.000 013
13 1668.0808 0.0077 0.113 872 0.000 346
14 1785.2265 0.0026 0.113 204 0.000 065
15 1901.4861 0.0005 0.112 711 0.000 052
17 2131.3284 0.0127 0.111 170 0.000 025
19 2357.5416 0.0009 0.109 911 0.000 006
20 2469.2905 0.0099 0.109 296 0.000 062
35 4033.6657 0.0067 0.098 911 0.000 035
38 4320.1831 0.0247 0.096 419 0.000 145
39 4413.5782 0.0119 0.095 842 0.000 054
44 4864.4835 0.0109 0.091 882 0.000 021
50 5367.7931 0.0072 0.086 513 0.000 026
51 5447.3869 0.0059 0.085 549 0.000 022
52 5525.6819 0.0093 0.084 596 0.000 024
53 5602.6463 0.0105 0.083 675 0.000 037
54 5678.3180 0.0054 0.082 545 0.000 014
55 5752.5801 0.0150 0.081 541 0.000 052
62 6231.0018 0.0016 0.073 222 0.000 007
63 6292.9527 0.0010 0.071 879 0.000 004
64 6353.1715 0.0020 0.070 479 0.000 007
65 6411.6004 0.0050 0.069 059 0.000 017
66 6468.2039 0.0014 0.067 520 0.000 005
67 6522.9041 0.0012 0.066 009 0.000 005
68 6575.6623 0.0009 0.064 383 0.000 003
69 6626.4149 0.0018 0.062 706 0.000 007
70 6675.0923 0.0015 0.060 969 0.000 005
71 6721.6455 0.0011 0.059 150 0.000 004
72 6766.0015 0.0019 0.057 265 0.000 006
73 6808.1047 0.0011 0.055 309 0.000 004
74 6847.8899 0.0021 0.053 256 0.000 006
75 6885.2949 0.0011 0.051 115 0.000 004
76 6920.2664 0.0020 0.048 890 0.000 007
77 6952.7459 0.0011 0.046 607 0.000 004
78 6982.6934 0.0014 0.044 215 0.000 006
79 7010.0743 0.0011 0.041 732 0.000 003
80 7034.8772 0.0039 0.039 149 0.000 015
81 7057.0784 0.0038 0.036 529 0.000 016
82 7076.7146 0.0042 0.033 815 0.000 018
83 7093.3463 0.0109 0.029 442 0.000 027
84 7108.0794 0.0132 0.026 841 0.000 032
85 7120.9058 0.0037 0.025 516 0.000 011
86 7131.1525 0.0031 0.022 806 0.000 009
87 7139.4590 0.0034 0.020 178 0.000 012
88 7146.0513 0.0034 0.017 666 0.000 012
89 7151.1697 0.0032 0.015 275 0.000 009
90 7155.0296 0.0042 0.013 022 0.000 012
91 7157.8559 0.0045 0.010 895 0.000 017
92 7159.7977 0.0061 0.009 278 0.000 031
93 7161.1151 0.0056 0.007 150 0.000 064
94 7161.8810 0.0040 0.004 920 0.000 102
95 7162.2892 0.0025 0.003 580 0.000 080
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viations ~about 0.5 cm21! occur for v583 and 84, where
perturbations are present as indicated in Fig. 5.

Finally, De , Te , ve , andRe of the 13Dg state of Na2
determined by the NDE algorithm~with Y00

~2! correction in-
cluded! are listed together in Table I, along with the primary
molecular constants determined by other means in the fo
going discussions. The excellent agreement between th
completely different and independent approaches is partic
larly gratifying and reassuring and demonstrates the abil
of the NDE fits to represent the large data set from ne
dissociation levels all the way down to near equilibrium lev
els.

V. LONG-RANGE ANALYSIS OF THE 1 3Dg STATE
OF Na2

A. Some general considerations

The highest observed vibrational level~v595! has a ro-
tationless binding energy of about 0.14 cm21. Since the
spin–orbit splitting of Na(3d) atom is only 0.049 cm21,
spin–orbit interactions can be reasonably neglected in t
long-range analysis of the observed near dissociation lev
reported here. Therefore the spin–orbit-averaged Na(3s)
1Na(3d) asymptote is taken as the dissociation limit in th
determination ofTe or De . This is supported by the experi-
mental observation that the fine–hyperfine structure rema
the typical Hund’s case (bbS) coupling for the highest vibra-
tional levels observed, such as shown in Fig. 2. In fact, th
theoretical long-range calculation9 for the Na(3s)1Na(3d)
asymptote also neglected the spin–orbit interactions.

Before we proceed with the analysis, we must first de
termine the region of validity of the inverse-power expansio
in the long range:

V~R!5D2 (
m>n

Cm

Rm . ~15!

For the 13Dg state of Na2, we haven55 as the leading term,
which comes from the quadrupole resonance between
Na(3s) and Na(3d) atoms; and it is followed by the disper-
sion termsm56,8,10 etc.~see Ref. 43!.

Traditionally, the Le Roy radius43,65RLR has been widely
used as the lower bound for Eq.~15! to be valid for pairs of
atoms ins states:

RLR52@^r 2&A
1/21^r 2&B

1/2#, ~16!

where^r 2&1/2 is the r.m.s. distance of the outermost electro
~i.e., the valence electron! in the atom. For Na(3s)1Na(3d),
we haveRLR516.5 Å.

More recently, a modified criteria,RLR-m , which explic-
itly takes into account the spatial orientation of the atom
orbitals, has been proposed and shown to be an appropr
generalization ofRLR to pairs of atoms with non-s state
involved:66

RLR-m52)@^nlmuz2unlm&A
1/2

1^n8l 8m8uz2un8l 8m8&B
1/2#, ~17!

-
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FIG. 5. Primary molecular constants of the 13Dg state of Na2 as a function of the vibrational quantum numberv. ~a! Vibrational energyGv vs v. ~b! DGv11/2

vs v. ~c! Rotational constantBv vs v. The small horizontal bars in~a! and~c! are error bars representing the 1s uncertainties from the least-squares fit of the
experimental term values. In all three plots, the curves calculated from the fitted NDE coefficients~taken from Tables III and IV! overlap completely with the
curves computed by the CDIST code~based on the RKR potential in Table V!.
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wheren andn8 are the principal quantum numbers;l and l 8
are quantum numbers of the atomic electronic angular m
mentum; andm andm8 are the components ofl andl8 on the
internuclear axisẑ for the outermost electrons in atomsA
and B, respectively. Note that the angular dependence
z5r cosu reflects the separation of the two atoms along t
internuclear axis. For the 13Dg state of Na2, we have
RLR-m 5 12.43 Å. This roughly corresponds to the oute
turning point ofv588 level. In the following analysis, only
v>85 levels~corresponding toR1>10.6 Å! are considered
in the long-range fits. This choice of long-range levels
corroborated by the observation that the inflection point~i.e.,
zero of the second derivative! for DGv11/2 is aroundv580
in Fig. 5~b! and and that the inflection point forBv is around
v584 in Fig. 5~c!, since these inflection points also indica
the ‘‘onset’’ of the long-range behavior.

TABLE III. Parameters in the (NP50/NQ515) inner Pade´ GvNDE fit of
the 13Dg state of Na2.

Parameter Recommended value During fit

LPWDV 1 fixed
NDP1 2 fixed
NDQ1 2 fixed

1026C5 ~cm21 Å5! 0.792 281 77 fixed
X0~5! ~cm21! 0.018 294 384 fixed

vD 96.884 825 6260.049 variable
De ~cm21! 7162.436a60.021 variable
10q1 0.123 667 090 556 variable
102q2 20.266 806 293 657 variable
103q3 0.286 774 876 597 variable
104q4 20.193 388 922 357 variable
106q5 0.901 767 702 744 variable
107q6 20.305 503 033 758 variable
109q7 0.772 290 708 653 variable
1010q8 20.147 605 647 135 variable
1012q9 0.213 985 861 088 variable
1014q10 20.233 925 577 848 variable
1016q11 0.189 713 705 325 variable
1018q12 20.110 655 782 284 variable
1021q13 0.438 794 982 949 variable
1023q14 20.105 896 461 424 variable
1026q15 0.117 371 319 830 variable

aThe second-order correctionY00
~2!50.0557 cm21 has been included.

TABLE IV. Parameters in the exponentialBvNDE fit of the 13Dg state of
Na2.

Parameter Recommended value During fit

1026C5 ~cm21 Å5! 0.792 281 77 fixed
102X1~5! ~cm21! 0.235 05 fixed

vD 96.884 825 62 fixed
p1 20.294 701 23 variable

10p2 0.398 617 45 variable
102p3 20.291 590 17 variable
103p4 0.126 422 62 variable
105p5 20.348 724 41 variable
107p6 0.628 701 7 variable
109p7 20.737 784 variable
1011p8 0.542 66 variable
1013p9 20.227 03 variable
1016p10 0.412 variable
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Various fitting schemes have been employed to deter-
mine the long-range coefficientsCm’s from spectroscopic
data in the literature.27,56,67–70Here we present the results of
two different approaches.

B. Fitting of the potential turning points

Once the reliable RKR potential curve is constructed,
outer turning points ofv585–95 levels are graphically ex-
amined in Fig. 7 according to the linear relation:

@V~R!2De#R
652C5R2C6 . ~18!

It is apparent in Fig. 7 that the outer turning points of
v588–92 levels conform to Eq.~18! so these turning points
are used in the linear least squares fit to extract theC5 andC6
coefficients, which are listed in Table VI.

C. Direct determination from the spectroscopic data

Le Roy and co-workers69 have developed an algorithm
which extracts the long-range coefficientsCm’s directly from
the spectroscopic data. Compared with the turning point fit-
ting method, it can directly take into account the effect of
uncertainties in the experimental data. Interparameter corre
lation is also reduced in this direct fitting procedure. Based
on JWKB quantization condition of diatomic molecule in the
long-range potential given by Eq.~15!, the coefficientsCm’s
can be determined by fittingGv’s andBv’s into

Bv5
I 2

b2I 0
, ~19!

whereb5~2m/\2!, m is the reduced mass of the molecule,
and I l is given by

I l5E
0

R1

R2 lF (
m>n

Cm

Rm2~D2Gv!G21/2

dR, ~20!

and

v5vD2S b

p D E
0

R1H F (
m>n

Cm

RmG1/22F (
m>n

Cm

Rm

2~D2Gv!G1/2J dR2S b

p D E
R1

` F (
m>n

Cm

RmG1/2 dR.
~21!

A computer code~CmDFIT!70 is used to carry out the
nonlinear least-squares fit.Gv andBv values as well as their
associated uncertainties for 85<v<95 in Table II are taken
as the input. To address the issue of model dependence~such
as dependence on data sets with different sizes!, the
‘‘averaging-over-models’’ procedure as described in Refs. 14
and 69 is adopted here to generate the finalCm values and
their uncertainties listed in Table VI. While higher-order
terms~such asC10 andC12! help to damp the fluctuations of
the lower-order coefficients during the fits, they tend to have
unreasonably large uncertainties themselves, possibly due t
interparameter correlation with the truncated~even higher-
order! terms. Since all them>10 terms make negligible con-
tributions to the potential of interest, these higher-order co-
efficients are not listed in Table VI. This choice of truncation
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TABLE V. RKR potential of the 13Dg state of Na2. Re53.463 809 Å.

v Gv ~cm21!
dGv/dv
~cm21! Bv ~cm21! R2 ~Å! R1 ~Å!

0 64.6948 129.0846 0.121 852 04 3.319 947 3.621 4
1 193.3585 128.2285 0.121 186 71 3.222 050 3.745 5
2 321.1379 127.3283 0.120 586 44 3.157 494 3.835 3
3 448.0159 126.4293 0.120 003 16 3.106 633 3.910 9
4 574.0004 125.5414 0.119 409 10 3.063 900 3.978 6
5 699.1014 124.6614 0.118 791 06 3.026 777 4.041 0
6 823.3238 123.7833 0.118 145 97 2.993 849 4.099 6
7 946.6673 122.9031 0.117 477 20 2.964 203 4.155 5
8 1069.1286 122.0190 0.116 791 84 2.937 198 4.209 2
9 1190.7042 121.1317 0.116 098 60 2.912 357 4.261 2
10 1311.3914 120.2425 0.115 406 26 2.889 304 4.311 6
11 1431.1893 119.3532 0.114 722 69 2.867 743 4.360 8
12 1550.0981 118.4646 0.114 054 15 2.847 432 4.408 9
13 1668.1189 117.5771 0.113 405 00 2.828 176 4.455 9
14 1785.2525 116.6900 0.112 777 55 2.809 816 4.502 0
15 1901.4987 115.8023 0.112 172 20 2.792 224 4.547 3
16 2016.8564 114.9125 0.111 587 55 2.775 299 4.591 9
17 2131.3225 114.0192 0.111 020 75 2.758 962 4.635 7
18 2244.8933 113.1214 0.110 467 75 2.743 154 4.679 0
19 2357.5635 112.2182 0.109 923 68 2.727 831 4.721 8
20 2469.3279 111.3095 0.109 383 19 2.712 966 4.746 2
21 2580.1807 110.3952 0.108 840 74 2.698 539 4.806 2
22 2690.1166 109.4758 0.108 290 93 2.684 541 4.847 9
23 2799.1307 108.5516 0.107 728 71 2.670 969 4.889 4
24 2907.2185 107.6232 0.107 149 64 2.657 822 4.930 8
25 3014.3759 106.6909 0.106 550 04 2.645 103 4.972 1
26 3120.5991 105.7547 0.105 927 06 2.632 813 5.013 4
27 3225.8840 104.8145 0.105 278 82 2.620 954 5.054 7
28 3330.2264 103.8695 0.104 604 35 2.609 524 5.096 1
29 3433.6213 102.9192 0.103 903 60 2.598 518 5.137 6
30 3536.0626 101.9623 0.103 177 36 2.587 930 5.179 3
31 3637.5433 100.9978 0.102 427 17 2.577 746 5.221 1
32 3738.0553 100.0246 0.101 655 16 2.567 953 5.263 2
33 3837.5892 99.0415 0.100 863 93 2.558 531 5.305 6
34 3936.1346 98.0475 0.100 056 38 2.549 461 5.348 2
35 4033.6803 97.0419 0.099 235 57 2.540 720 5.391 1
36 4130.2143 96.0240 0.098 404 52 2.532 283 5.434 3
37 4225.7241 94.9935 0.097 566 09 2.524 126 5.477 8
38 4320.1970 93.9501 0.096 722 86 2.516 224 5.521 7
39 4413.6199 92.8934 0.095 876 98 2.508 554 5.565 9
40 4505.9794 91.8234 0.095 030 09 2.501 092 5.610 6
41 4597.2622 90.7397 0.094 183 27 2.493 818 5.655 6
42 4687.4542 89.6420 0.093 336 97 2.486 713 5.701 0
43 4776.5412 88.5295 0.092 490 98 2.479 760 5.746 9
44 4864.5081 87.4015 0.091 644 47 2.472 946 5.793 2
45 4951.3388 86.2569 0.090 795 99 2.466 257 5.840 1
46 5037.0160 85.0945 0.089 943 52 2.459 687 5.887 5
47 5121.5213 83.9126 0.089 084 53 2.453 228 5.935 5
48 5204.8343 82.7098 0.088 216 09 2.446 878 5.984 1
49 5286.9334 81.4844 0.087 334 93 2.440 636 6.033 5
50 5367.7951 80.2348 0.086 437 58 2.434 503 6.083 6
51 5447.3943 78.9592 0.085 520 44 2.428 483 6.134 6
52 5525.7043 77.6562 0.084 579 93 2.422 583 6.186 6
53 5602.6970 76.3243 0.083 612 55 2.416 808 6.239 6
54 5678.3427 74.9621 0.082 615 01 2.411 166 6.293 7
55 5752.6107 73.5684 0.081 584 30 2.405 667 6.349 1
56 5825.4686 72.1418 0.080 517 75 2.400 319 6.405 8
57 5896.8829 70.6810 0.079 413 06 2.395 129 6.464 1
58 5966.8187 69.1844 0.078 268 31 2.390 105 6.523 9
59 6035.2392 67.6502 0.077 081 94 2.385 252 6.585 5
60 6102.1059 66.0765 0.075 852 74 2.380 572 6.649 1
61 6167.3783 64.4610 0.074 579 71 2.376 068 6.714 7
62 6231.0132 62.8012 0.073 262 01 2.371 737 6.782 6
63 6292.9651 61.0945 0.071 898 82 2.367 577 6.853 1
64 6353.1856 59.3380 0.070 489 16 2.363 581 6.926 3
65 6411.6237 57.5292 0.069 031 82 2.359 743 7.022 6
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of the higher-order dispersion terms can be corroborated by
simple estimation based on the recursion relation

Cm145g
Cm12
2

Cm
, ~22!

where g is a dimensionless constant of the order of
unity.42,65,71–73

D. Discussion

Table VI also lists the recent theoretical calculations of
C5 andC6 values by Bussery and Fre´con9 and Marinescu and
Dalgarno.10 They agree reasonably well with our experimen-
tal values extracted by two different approaches. All four sets
of long-range coefficients are graphically examined in Fig. 7,
where the quantitative differences among them have bee
dramatically magnified by the factorR6. While the four sets
of Cm’s do not overlap one another in Fig. 7, Fig. 8~a! dem-
onstrates that all of them can provide satisfactory represen
tation of the long-range potential of the 13Dg state of Na2.
The apparently large discrepancy of theC5 values deter-
mined in this work is mainly due to the interparameter cor-
relation in the fit. This numerical deficiency is aggravated by
the fact that the long-range potential is overwhelmingly
dominated by theC6 term for all the bound levels used in the
fit, as shown in Fig. 8~b!. It is also apparent from Fig. 8~b!
that the contribution from theC8 term is insignificant.
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TABLE V. ~Continued.!

v Gv ~cm21!
dGv/dv
~cm21! Bv ~cm21! R2 ~Å! R1 ~Å!

66 6468.2256 55.6654 0.067 525 15 2.356 061 7.082 274
67 6522.9354 53.7445 0.065 966 92 2.352 535 7.165 694
68 6575.6949 51.7645 0.064 354 28 2.349 166 7.253 305
69 6626.4444 49.7243 0.062 683 61 2.345 952 7.345 600
70 6675.1231 47.6229 0.060 950 55 2.342 894 7.443 144
71 6721.6695 45.4598 0.059 150 07 2.339 993 7.546 592
72 6766.0221 43.2352 0.057 276 58 2.337 248 7.656 711
73 6808.1195 40.9494 0.055 324 21 2.334 661 7.774 404
74 6847.9008 38.6034 0.053 287 16 2.332 232 7.900 749
75 6885.3069 36.1991 0.051 160 17 2.329 962 8.037 046
76 6920.2805 33.7393 0.048 939 15 2.327 852 8.184 872
77 6952.7686 31.2290 0.046 621 81 2.325 902 8.346 153
78 6982.7244 28.6761 0.044 208 46 2.324 113 8.523 255
79 7010.1106 26.0926 0.041 702 74 2.322 484 8.719 088
80 7034.9049 23.4953 0.039 112 31 2.321 015 8.937 238
81 7057.1043 20.9073 0.036 449 37 2.319 705 9.182 127
82 7076.7320 18.3573 0.033 730 95 2.318 551 9.459 217
83 7093.8428 15.8795 0.030 978 76 2.317 547 9.775 263
84 7108.5274 13.5111 0.028 218 71 2.316 687 10.138 660
85 7120.9142 11.2900 0.025 479 73 2.315 964 10.559 899
86 7131.1680 9.2505 0.022 792 29 2.315 366 11.052 217
87 7139.4850 7.4202 0.020 186 29 2.314 882 11.632 564
88 7146.0840 5.8164 0.017 688 67 2.314 498 12.323 099
89 7151.1954 4.4449 0.015 320 74 2.314 201 13.153 724
90 7155.0491 3.2991 0.013 095 41 2.313 977 14.166 764
91 7157.8633 2.3622 0.011 014 17 2.313 814 15.426 502
92 7159.8352 1.6102 0.009 063 76 2.313 699 17.040 780
93 7161.1365 1.0167 0.007 212 02 2.313 624 19.216 031
94 7161.9140 0.5599 0.005 402 77 2.313 579 22.421 201
95 7162.2990 0.2321 0.003 553 32 2.313 557 28.021 329
96 7162.4246 0.0440 0.001 584 04 2.313 549 42.534 364
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FIG. 6. RKR potential curve of the 13Dg state of Na2 and the wave function of the~v595,N52! level.
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t.
It might appear to be paradoxical that a reasonably hig
quality RKR potential could be constructed with the con
straints onC5 alone in Sec. IV C, despite the fact that theC6
term actually contributes much more to the potential than th
C5 term even at the outermost observed turning point~v595,
or R1528.02 Å!. This can be understood first by noting tha
the limiting form ofGv in Eqs.~6! and~8! has a power of 3
for n56, which is quite close to the power of 10/3 forn55.
In addition, there is a fortuitous,but not accidental, cancel-
lation of deviations from the limiting behavior by them>n
higher-order terms. In general, when the second invers
power term in Eq.~15! hasm5n11, the leading correction

TABLE VI. Long-range coefficients of the 13Dg state of Na2.

Bussery &
Aubert-
Frécona,b

Marinescu &
Dalgarnoa,c

RKR turning
point fit, this
worka,d,e

Averaged
Gv & Bv fit,
this worka,e,f

1026C5 0.792 0.8778 1.388 0.23
~cm21 Å5! ~0.031! ~0.12!
1028C6 0.522 041 0.498 76 0.4008 0.557
~cm21 Å6! ~0.0046! ~0.040!
1028C8 0.49
~cm21 Å8! ~0.323106!

aSign convention: positive values are attractive.
bFrom Ref. 9.
cFrom Ref. 10.
dBased on least squares fit of 88<v<92 RKR turning points.
e1s uncertainties are in parentheses.
fBased on ‘‘averaging-over-models’’ fit ofGv andBv for 85<v<95.
J. Chem. Phys., Vol. 103, NDownloaded¬02¬Nov¬2003¬to¬129.97.80.195.¬Redistribution¬subject
h
-

e

e-

FIG. 7. Turning point fitting of the long-range coefficients of the 13Dg state
of Na2. Other sets of long-range coefficients are also examined in the plo
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FIG. 8. The long-range potential of the 13Dg state of Na2. ~a! Comparison of the potential curves determined by various means.~b! Comparison of theC5,
C6, andC8 contributions to the long-range potential. TheCm’s in the plot are taken from the direct fitting of the long-range regionGv’s andBv’s.
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to the one termCn limiting expression for level energies is
identically zero. This issue has been quantitatively addres
in detail in Ref. 42. In passing we note that a very simil
case occurs in theA state ofI 2.

74

E. Properties of the 1 3Dg state at long range

The highest observed vibrational level~v595! has a
binding energy of only 0.14 cm21 and an outer turning point
of 28.02 Å, i.e., about 8Re . It has long been pointed out tha
molecules at such long range will exhibit some unique
even exotic properties that are not seen in the normal dee
J. Chem. Phys., Vol. 103, NDownloaded¬02¬Nov¬2003¬to¬129.97.80.195.¬Redistribution¬subject
ed
r

r
ly

bound levels.35,36,75 Thus, molecules in such a long-range
state are often referred to as long-range molecules. To unde
stand this in the picture of quantum mechanics, the rotation
less vibrational wave function of the~v595, N52! level is
plotted in Fig. 6. It is apparent that the molecule spends mos
of its vibration period around the outer turning point. In fact,
the molecule has a much larger probability to be outside th
outer wall of the potential than that to be near the inner wall
even though the former is classically forbidden. A direct con-
sequence of this ‘‘exotic’’ wave function is that the transition
probability for the PROBE step diminishes exponentially as
o. 17, 1 November 1995¬to¬AIP¬license¬or¬copyright,¬see¬http://ojps.aip.org/jcpo/jcpcr.jsp
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v approachesvD . Quantitative calculation gives the Franck–
Condon factor~FCF! for the highest observed PROBE tran
sition, 1 3Dg(v595)←b 3Pu(v8525), to be 3.531026

~normalized to 1.0!, which is about five orders of
magnitude smaller than FCF51.43531021 for one of the
strongest transitions observed in the experime
[1 3Dg(v514)←b 3Pu(v8525)]. This is the obvious rea-
son that these long-range molecules are extremely difficult
access by conventional spectroscopic approaches and h
rarely been observed experimentally until recently. In pas
ing we note that the transition to the extrapolated lev
[1 3Dg(v596)←b 3Pu(v8525)] has a FCF of 3.431027.
Despite the efforts that had been attempted, the sensitivity
the experimental setup was not enough to detect such w
signals.

The low kinetic energy and high density of states of th
long-range molecules lead to some unusual aspects in ra
tive, nonradiative, and collision-induced transitions involv
ing long-range levels.38,39,75 For radiative electronic transi-
tions, the Franck–Condon principle requires that the mo
favorable transitions are limited to those between two lon
range levels with similar outer turning points in the uppe
and lower states. In addition, the atomic asymptotes of t
upper and the lower electronic states must have electric
pole allowed transitions between them for the transitions b
tween the upper and the lower long-range levels to be fav
able. This unique property has been ingeniously utilized
photoassociative spectroscopy techniques to observe lo
range molecules in recent years.76–78 Such highly selective
electronic transitions, however, lead to weaker UV/viol
fluorescence which is pivotal to the filtered PMT detectio
method described earlier in Sec. II. This is because elec
dipole transitions are not allowed between the Na(3s)
1Na(3d) and Na(3s)1Na(3s) asymptotes. On the other
hand, the extremely long vibrational period and large inte
nuclear separation give rise to greatly enhanced cross s
tions for collisional ionization processes,12 such as associa-
tive ionization, Na2* 1 Na→Na3

1 1 e2. The cylindrically
shielded ionization detector takes advantage of this lon
range property and thus enables us to observe these
tremely weak PROBE transitions in the OODR spectroscop
This has allowed us to construct an extensive experimen
potential curve over 99.998% of the well depth.

Before closing the discussions here, we point out an
triguing or even provocative speculation: the ‘‘averaging
over-models’’ value ofvD in Sec. IV C is 96.8060.20. One
might thus contemplate the possible existence of such
extremely weakly boundv597 level. It must be noted, how-
ever, that thevD parameter in the present model is an effe
tive value corresponding to the spin–orbit-averaged atom
asymptote. This approximated asymptote is obviously ina
equate to study the very last few weakly bound levels. Mo
extensive studies which explicitly treat the spin–orbit an
hyperfine interactions are clearly called for in the analysis
the v596 and possiblyv597 levels. One might hope that
novel spectroscopic methods, such as photoassociative s
troscopy, may be able to observe these very last bound lev
of the 13Dg state of Na2 along with other long-range states
that dissociate into the same asymptote and depict a m
J. Chem. Phys., Vol. 103, NDownloaded¬02¬Nov¬2003¬to¬129.97.80.195.¬Redistribution¬subjec
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complete picture of these fundamental interactions~such as
exchange interaction at moderately long range, and reco
pling of angular momenta at very long range, or even reta
dation effects at extremely long range!. Furthermore, the po-
tential curves provided by these studies would pave the wa
for the study of state-selected ultracold photodissociation
purely attractive long-range molecules, where fine-structu
changing and alignment effects are important aspects of t
dynamical processes. While such detailed experimental stu
on the photodissociation dynamics is extremely difficult, i
has been carried out in the NaK (B 1P←X 1S1) system in
a molecular beam.79 State selectivity in photodissociation has
been achieved in the study of theK2 (B

1Pu←X 1Sg
1) sys-

tem by all-optical triple resonance~AOTR! spectroscopy
recently.80,81 It remains a great challenge to carry out simila
investigations into the 13Dg state of Na2 in the future.

VI. CONCLUSION

We have demonstrated that the cylindrically shielde
ionization detector can provide the high sensitivity for obse
vation of long-range molecules in OODR spectroscopy. Ou
analysis of the 13Dg state of Na2 shows that the near disso-
ciation expansion~NDE! theory is a more versatile and
physically reliable approach both in data representation an
in potential inversion. The observed rovibrational levels in
the 13Dg state of Na2 have covered over 99.998% of the
potential well depth and exhibited significant long-range be
havior. We hope that this work will pave the way for more
investigations in the future, such as perturbation analysis b
tween the 13Dg state and other nearby electronic states o
Na2, as well as those mentioned in the last section. Furthe
more, we hope that the success of the NDE analysis in th
detailed case study may stimulate further interests of appl
ing the NDE approach to spectral analysis as well as molec
lar dynamics studies of other molecular systems.
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