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This paper describes a procedure for optimal rounding of parameters determined from a linear or nonlinear least-squres fit in order
to minimize the number of digits which must be quoted while ensuring that the resulting rounded constants can predict the input data
with no significant loss of precision. Related problems concerning nonlinear least-squares convergence and taking account of model
dependence of fitted or predicted parameters are also addressed. The recommended rounding procedure is illustrated by applications
to electronic band data for the A–X system of I2 and to infrared and microwave data for HF (yielding optimal new Dunham expansion
coefficients for ground state HF). An automated version of this sequential rounding procedure has been incorporated in a general
subroutine for performing linear or nonlinear least-squares fits. © 1998 Academic Press
I. INTRODUCTION

In multiparameter least-squares fits of models to experimental data sets, the scientific literature has seen very inconsistent
treatments of the rounding of fitted parameters. When attempting to minimize the clutter of unnecessary digits to be reported,
the simplest and most common approach is to round off all
parameters at the first, second, or third digit of their uncertainty. However, it is shown below that predictions generated
from the resulting constants may differ from the input data by
orders of magnitude more than the residual discrepancies associated with the original fit. The alternate approach of blindly
reporting all constants to maximum computer precision removes this shortcoming, but requires tediously large numbers
of digits to be listed, making such parameter sets inconvenient
to use and prone to transcription error by users. Two strategies
for addressing this problem are presented and illustrated by
applications to infrared and microwave data for HF and to
electronic band data for the A–X system of I2. The related
problem of estimating the effect of model dependence on the
value and uncertainty of a physically significant fitting parameter is also discussed.
Throughout this work, the quality of fit to an experimental
data set, and the ability of a given set of parameters to accurately reproduce those data are represented by the “dimensionless standard error” of the fit

tainty of u(i), and ycalc(i) is the value of datum i predicted by
the model of interest.1 If the experimental uncertainties used
are correct, a s# f value of ,1.0 means that on average, the
predictions of the model differ from the input data by less than
the associated experimental uncertainties, while a value of
(say) 3.6 would mean that on average those predictions differ
from experiment by 3.6 times the experimental uncertainties.
Note too that all parameter uncertainties quoted in the
present work are 95% confidence limit uncertainties
U~ p j! 5 U M~ p j! 5 f 95~N 2 M! 3 s M~ p j!,

[2]

where s M ( p j ) is the usual one standard error uncertainty in
parameter j obtained from an M-parameter fit to N data, and
f95(N 2 M) is the student t factor for 95% confidence in a fit
with N 2 M degrees of freedom (1, 2). For an infinitely large
data set, these values of U( p j ) would correspond to approximately two standard errors in the parameters.
II. PRESENTATION OF THE PROBLEM

[1]

The problem being addressed is illustrated first by application of a standard model to a recent compendium of highquality infrared and microwave data for HF. Ram et al. (3)
recently reported extensive new hot infrared emission spectra
for HF and DF, and combined those data with complementary
earlier IR data and the best existing microwave data in leastsquares fits which yielded optimal new band constants {G v ,
B v , D v , etc.} for levels v 5 0 –5 of both isotopomers. The

where each of the N experimental data yobs(i) has an uncer-

The quantity s# f is the square root of the conventional “reduced chi
squared” or “chi squared per degree of freedom”: x2 5 s# 2f (1).
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present section illustrates the nature of the problem being
addressed by examining the results of a fit of the HF transition
frequencies from this data set to the usual energy difference
expression y calc(i) 5 E D(v9i , J9i ) 2 E D(v 0i , J 0i ) based on the
familiar Dunham model for vibration–rotation energies of a 1S
diatomic molecule (4 – 6)
E D~v, J! 5

OY

l,m

~v 1 1/ 2! l @ J~ J 1 1!# m,

[3]

l,m

where single (9) and double (0) primes, respectively, label the
quantum numbers for the upper and lower levels of transition
i. Note that while all of the data for this case have the same
units (cm21), the magnitudes of the experimental uncertainties
u(i) are very different for different types of transitions.
Fitting the 326 HF data (3) to a 26-parameter version of the
above model yields a dimensionless standard error of s# f 5
0.927 and the parameter values and uncertainties listed in the
second and third columns of Table 1. This quality of fit is
essentially the same as that for the published 34-parameter
band-constant fit to these same data, which yielded s# f 5 0.957
(3). To facilitate subsequent discussion, the parameter values in
column 2 of Table 1 are all quoted to an assumed machine
precision of 15 significant digits, although in all cases the
uncertainties are clearly sufficiently large that many of the
digits listed have no physical significance.
To test the most common approach to the reporting of
rounded-off parameters, the set of fitted parameters listed in
Table 1 was, in turn, rounded off at the first, second, third, etc.
significant digit of its (95% confidence limit) uncertainty, and
the resulting rounded constants used to predict the input data
and generate a value for s# f . The predictions generated from
constants obtained on rounding after the first digit of the
uncertainty (such that, e.g., Y0,6 was fixed at 1.1 3 10219 and
Y4,1 at 1. 3 1026) yielded s# f 5 59.62, which means that on
average they would differ from the input data they were determined from by 59.62 times the experimental uncertainties,
implying average discrepancies more than 6300% larger than
those associated with the original fit! Similarly, the effect of
rounding each parameter at the second, third, fourth, etc. significant digit of its uncertainty yielded the results seen in the
rest of the first row of Table 2; they show that it is not until the
rounding is moved to the fourth significant digit of the uncertainty (such that Y0,6 would be reported as 1.0898 3 10219 and
Y4,1 as 0.508 3 1026) that the value of s# f became equivalent to
that associated with the unrounded constants. In other words,
rounded constants did not adequately reproduce the input data
unless 3 3 26 5 78 digits of physically insignificant precision
were included in their representation.
The above difficulties tend to increase with the number of
free parameters required by the model. This is illustrated by the
results for an analogous 47-parameter Dunham expansion fit to
a 9552-line data set for the A state of I2, seen in the third line

of Table 2. Details regarding the data set and the associated
Dunham constants for this system are found in Ref. (7). For
this case, full consistency (to three decimal places) with the s# f
value yielded by the unrounded parameters from the original fit
is not achieved until eight physically insignificant digits are
retained for each of the 47 parameters.2 Note that modest
deviations of the “final” (those for y . 8) s# f values in Table 2
from unity are to be expected, as absolute experimental uncertainties u(i) are difficult to determine accurately, and different
types of models may generally be expected to give slightly
different s# f values for the same data set.
For fits to nonlinear models, such as near-dissociation expansions (NDE) expressions for the level energies (7–12) or models
for the potential energy function itself (13–16), the situation can
be particularly difficult. For example, an equivalent quality NDE
fit to the same 9552-line data set for A state I2 mentioned above
requires only half as many parameters as the Dunham expansion
fit (row 3 of Table 2) discussed above. However, the last row in
Table 2 shows that in fits to the NDE model, full convergence to
the s# f value yielded by the unrounded parameters is still not
achieved until the rounding is performed at the 11th significant
digit of the parameter uncertainties. The analogous results for a fit
of the 326-line HF data set of Ram et al. (3) to a 14-parameter
model consisting of a “modified Morse oscillator” function for the
radial potential (16) plus a polynomial expansion for the nonadiabatic centrifugal correction function are seen in the second row of
Table 2. Here, full (three decimal place) convergence to the s# f
value for the unrounded parameters was not achieved until rounding was performed at the sixth significant digit of the uncertainty.
Thus, it seems clear that an uncertainty-based approach to parameter rounding is at best tedious, as the number of significant digits
which must be retained may only be determined by trial and error.
III. A PARTIAL SOLUTION: THE “SENSITIVITY”
OF A FITTED PARAMETER

A basic solution to the above problem was presented by
Watson some 20 years ago (17) but seems to have largely
escaped notice and certainly has largely escaped application.
The total parameter uncertainties yielded by a proper leastsquares fitting procedure have two sources: the first is the
actual sensitivity of the predicted value of each datum yobs(i) to
the value of the given parameter pj, a quantity determined by
the partial derivatives  y calc(i)/p j required as input to the
least-squares procedure, and the second is the interparameter
correlation which allows the effect of a change in the value of
one parameter to be (at least) partially compensated for by a
correlated change in one or more other parameter(s). In all
cases except linear fits to truly orthogonal functions (such as
orthogonal polynomials), the latter is usually the dominant
source of the overall parameter uncertainty. On the other hand,
2
Note that the results reported in Ref. (7) do not include all of these 47 3
8 5 376 nonphysical digits, because of an approximate manual application of
the type of sequential rounding procedure described below.
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TABLE 1
Results of Fitting HF Infrared and Microwave Transition Frequencies to Eq. [3]

the ability to accurately back-calculate the input data clearly
depends on the former. Thus, an approach to rounding based on
these partial derivatives would seem appropriate.
Watson reasoned that the effect of rounding on predictions
of a model might reasonably be allowed to be as large as 0.1 3
s# f , which implied in turn that for a fit to M parameters, the
effect of rounding off any one parameter might be allowed to
be as large as (0.1/M)s# f . For a many-parameter fit, this is of
course a worst-case estimate, since it neglects the fact that the

effects of rounding multiple parameters would usually tend to
have some degree of cancellation. In any case, his criterion
suggests the introduction of a quantity labeled here as the
“parameter sensitivity,”

F OH

1
S~ p j! ; ~0.1/M! s# f
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TABLE 2
Results of Rounding off Constants Yielded by Fits to Various Models

which is the magnitude of the change in parameter pj whose
effect on the predictions of the model would increase s# f by no
more than (0.1/M)s# f . For the Dunham fit to the HF data set
described in Section II, the values of these parameter sensitivities are shown in column 4 of Table 1. They are typically 2–5
orders of magnitude smaller than the associated overall parameter uncertainties and clearly provide a more selective and
systematic basis on which to perform rounding. The fact that
the ratios of the uncertainty to the sensitivity range over several
orders of magnitude for the various parameters clearly demonstrates that any parameter rounding scheme based on the
uncertainties alone is fundamentally unsound. Note that S( p j )
is very simply related to the uncertainty in the value of that
parameter for the case of a one-parameter fit with all other
parameters held fixed at their optimum values:3
S~pj! 5 ~0.1 ÎN/M!U1~pj!/f95~N 2 M! 5 ~0.1 ÎN/M!s1~pj!. @5#
For iterative nonlinear least-squares fits, the set of {S( p j )}
values also provides an optimum convergence criterion. Requiring the iterative procedure to continue until the incremental
change in each free parameter is smaller than the associated
S( p j ) value would certainly ensure that parameter changes in
additional cycles would be too small to have any significant
effect on the predictions of the model. This is much more
stringent than conventional criteria such as requiring those
changes to be smaller than the total (correlated) parameter
uncertainties s M ( p j ), or requiring that s# f (or x2) approaches
some asymptote. Its only drawback is that in highly correlated
many-parameter fits on computers with finite precision, numerical noise may prevent this limit from ever being reached. On
the other hand, as long as each parameter change Dpj is smaller
than U M ( p j ), one can assert that physical convergence has
been achieved, and in cases where numerical noise prevents
full convergence to the S( p j ) limit, it will eventually give rise
The ratio S( p j )/U M ( p j ) is also simply (0.1 =N/M)/f 95 (N 2 M) times the
“freedom parameter” F 5 s 1 ( p j )/ s M ( p j ) proposed by Femenias (18) as a
measure of the overall lack of dependence of a given parameter on all the other
free parameters of the fit. This F parameter is in turn simply the inverse square
root of a measure of the degree of interparameter correlation introduced earlier
by Watson et al. (19).
3

to small increases in s# f or in the parameter changes in adjacent
iterations, which would indicate that the iterative procedure
should be stopped. A general iterative-fit convergence criterion
which encompasses this case proceeds as follows: (i) attempt to
cycle until all parameter changes {Dp j } are smaller than the
associated sensitivities (|Dp j | , S( p j ), @j), while monitoring
the size of s# f and of maxj |D( p j )/U( p j )| from cycle to cycle;
(ii) if the sensitivity criterion is not (yet) satisfied, but s# f or
maxj |D( p j )/U( p j )| increases from one cycle to the next (indicating numerical noise) and (say) maxj |D( p j )/U( p j )| , 0.01,
simply stop iterating, as further changes will not affect the
parameters within their physical uncertainties.
In conclusion, a minimal recommended alternative to conventional (unreliable) uncertainty-based parameter rounding is
simply to round off each parameter at the first significant digit
of the parameter sensitivity S( p j ). For the four cases considered in Table 2, to three decimal places, rounding done using
this criterion had no effect on the ability of the rounded
constants to reproduce the values of s# f from the original fits!4
This is a much more systematic and robust scheme than traditional uncertainty-based approaches to rounding and can reliably be used in all cases. Moreover, calculation of S( p j ) only
involves quantities already required for the least-squares procedure, so it can readily be incorporated into any standard
least-squares fitting routine.5, 6
A residual shortcoming of this sensitivity-based parameter
4
While better than might have been expected, this three-decimal-place
stability in s# f should not be surprising for two reasons. The first is the fact that
the magnitude of the actual change on rounding a particular parameter will
range from zero to a maximum of S( p j )/ 2, and the second is the fact that the
10% maximum change in s# f associated with our definition of S( p j ) allows for
the hypothetical worst case in which the effects of all truncations add constructively, with no partial cancellation.
5
See, e.g., subroutine packages “llsqf” and “llsqfvl” obtainable from subdirectory pub/leroy/fitting on our anonymous ftp site. An associated set of
notes on least-squares methodologies and the use of these packages may also
be found on this site (20), or obtained from the author on request.
6
To obtain this material by anonymous ftp, begin by using the command
“ftp theochem.uwaterloo.ca” to connect to our computer. The response to the
userid prompt should be “anonymous” and that to the password prompt should
be the caller’s name or e-mail address. The desired subdirectory may then be
accessed with the command “cd pub/leroy/^subdirectory name&,” and the
desired file(s) copied with the “get ^filename&” command.
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rounding scheme is that it is still necessary to report a substantially larger number of significant digits than would be required
by the actual physical uncertainties in our knowledge of the
parameters. Thus, one is still open to excessive opportunity for
transcription errors in preparation, publication, or use of those
reported quantities. For example, although applying this sensitivity-based rounding scheme to the HF data set did give a
reliable set of rounded parameters, and the requisite number of
digits required to fully reproduce the quality of fit is reduced
from the (assumed) machine precision value of 26 3 15 5 390
to a more manageable 175, the latter is still tediously large.
IV. A FURTHER IMPROVEMENT: SEQUENTIAL
ROUNDING AND REFITTING

A simple means of minimizing the above problem has been
introduced by Tromp, Le Roy, and Tellinghuisen (21, 22, 12), and
described by Tellinghuisen (23, 24). It is based on the observation
that the difference between s1(pj) and sM(pj) represents the
degree to which correlated changes in other parameters can compensate for rounding off parameter j. The essential idea is simple:
in turn round off each parameter and repeat the fit to the remaining
parameters while holding the rounded value(s) fixed, allowing the
interparameter correlation to compensate for the effect of the
parameter rounding. This approach can lead to a significant reduction in the numbers of significant digits which must be reported, with essentially no loss in the quality of the representation
of the original data set (12, 21–23). Tellinghuisen’s illustration
(23) involves a manual trial-and-error means of selecting where
each parameter should be rounded off. However, the present
section presents and illustrates a straightforward systematic algorithm for doing this.
The recommended procedure is simply to round off the least
significant parameter yielded by a given fit at the first significant digit of its (95% confidence limit) uncertainty U( p j ), and
then to repeat the fit to the remaining parameters with this last
one held fixed at that rounded value. This rounding step can be
easily automated, and the procedure iteratively repeated until
the last cycle involves a fit to only one parameter. If for this last
free parameter S( p 1 ) , s 1 ( p 1 ), its rounding should be at the
first significant digit of its sensitivity S( p j ), rather than of its
uncertainty, since there would be no other free parameters to
absorb the effect of its rounding; however (see Eq. [5]), this
could only occur for small data sets. Because of the systematic
lowering of correlation as more and more parameters are held
fixed, the predicted uncertainties in all of the remaining free
parameters will tend to decrease as this procedure proceeds,
and it is this reduced “local” uncertainty which should be used
in subsequent rounding steps. However, the uncertainties reported at the end of the procedure should be those from the
original fit in which all parameters were free.
An apparent source of uncertainty in the above procedure is
the fact that there is no commpletely unique order in which to
perform the rounding and refitting. The simplest approach
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would be to design the overall parameter ordering in the model
such that the “least significant” (i.e., likely to be most uncertain) parameters are listed last, and to sequentially round from
last to first. In the case of the present Dunham expansion fits to
Eq. [3], this means rounding the parameters as ordered in Table
1 from bottom to top. For models that involve (sets of) power
series, such as the Dunham-type expansion considered here,
this might seem the most natural order in which to perform
such rounding. On the other hand, it would seem even better to
always select to round off the remaining free parameter with
the highest relative uncertainty. These two (and other possible)
orderings would in general give slightly different final sets of
rounded parameters. However, their differences should be
smaller than the physical uncertainties U( p j ), and the overall
quality of the predictions would be unaffected.
Application of sequential rounding and refitting in fits to the
HF data set described above yielded the sets of rounded parameters seen in the last two columns of Table 1. The results in
the second to last column (“SRR—A”) were obtained on
rounding the 26 parameters from last to first as listed in the
table, in the order: 26, 25, 24, 23, . . . etc. The results in the last
column (“SRR—B”) were obtained by selecting for rounding
at each stage the remaining parameter with the largest relative
uncertainty; in the present case this means rounding them off in
the order: 10, 19, 26, 15, 22, 23, 25, 5, . . . etc. While the
parameter values obtained in these two cases are usually not
exactly the same, the differences between them, and between
them and the original unrounded parameters of column 2 are
always much smaller than the parameter uncertainties, and
both rounded sets give equivalently excellent representations
of the data. In particular, the s# f values for predictions yielded
by the two rounded parameter sets (0.929 and 0.930, respectively) are only ca. 0.15% larger than the value from the
original fit (0.927). 7 The key result, however, is the fact that
both sets of results consist of more than 1/3 fewer significant
digits (113) than the number (175) associated with sensitivityrounded parameters implied by the results of column 4. In any
case, either of the equivalent sets of results in the last two
columns of Table 1 may be taken as a current “best” set of
single-isotope Dunham {Y l,m } constants for this species.8
The results descrided above clearly demonstrate that these
“sequential rounding and refitting” (SRR) schemes achieve a
considerable economy of representation with essentially no
loss of accuracy! Similarly, for the other three cases considered
in Table 2, application of these SRR procedures yielded parameter sets comprising less than 2/3 as many digits as were
required by the sensitivity-based rounding criterion (63 vs. 97,
232 vs. 403, and 152 vs. 255, respectively), while having
virtually no effect (to three decimal places) on s# f.
7
Of course, even this slight increase in s# f could be removed by performing
the sequential rounding at the second significant digit of each uncertainty.
8
Ram et al. (3) only reported band constants {G v , B v , D v , etc.} for the
observed levels of the individual isotopomers and not Dunham expansion
coefficients.
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There seems to be little to choose between the two schemes
for sequential rounding considered above. One often requires
one or two more significant digits than the other, but the
identity of the more economical representation changes from
case to case. The only generalization which seems evident is
that the second approach (at each stage, rounding and fixing the
remaining parameter with the largest relative uncertainity) will
be more likely than the first to occasionally round one or more
of the parameters to exactly zero. That approach tends to
require more iterative fitting cycles, and hence slightly more
CPU time, but this is not a significant expense. In any case,
either procedure may be selected by a user of the automated
subroutine for performing SRR fits developed in the present
work.9
Tellinghuisen has described and applied a procedure similar
to that presented here, although he gave no explicit prescription
for performing the rounding, and he did not discuss the question of parameter ordering (23). In subsequent work he also
showed that for a linear least-squares fit (where the observables
are strictly linear functions of the parameters), this sequential
rounding could be effected without actually performing the
repeated fits, since the partial derivatives { y calc(i)/p j } are
not affected by the rounding (24). In that case his correlated
rounding scheme gives exactly the same results as sequential
rounding and refitting, if the parameters are treated in the same
order. However, his approach may be more complicated to
implement, especially in a program set up to perform fits to
both linear and nonlinear models, as his correlated approach is
not reliable for the latter case.
The one weakness of Tellinghuisen’s second paper (24) is
his suggestion that although his correlated adjustment procedure is technically not correct for nonlinear fits “. . . the
formal inequivalence seems unlikely to be a practical concern
in more realistic adjustments of parameters for non-linear fits”.
This is an optimistic assessment which will only be valid when
either the parameter changes due to rounding are “small” or the
axis of the confidence ellipsoid in parameter space has little
curvature. In many cases this will not be true, and no shortcuts
to the full sequential rounding and refitting are possible. This in
turn raises a significant practical problem, since each subsequent (nonlinear) fit to the reduced parameter set requires a
realistic set of initial trial parameters, and a simple combination of the last rounded parameter with the (unrounded) other
fitted parameters may not be adequate. An illustration of this
problem and a means of dealing with it are presented below.
V. “SRR” IMPLEMENTATION: CORRECTING TRIAL
PARAMETERS IN SEQUENTIAL ROUNDING
FOR NONLINEAR FITS

In the application of sequential rounding and refitting to
linear least-squares fits, there is no need to be concerned about
9

Subroutine “nllssrr” may be obtained by anonymous ftp from subdirectory
“pub/leroy/fitting” on the computer “theochem.uwaterloo.ca.”

optimizing the trial values of the remaining parameters, since
with a linear model, fitting to converge on a parameter correction is equivalent to fitting to determine the parameters themselves. This is not the case for nonlinear fits, and if the
parameter sensitivity S( p j ) is much smaller than the overall
parameter uncertainty U( p j ), rounding that constant can massively change the predictions of the model. As a result, even
though such changes can be fully compensated for by correlated changes in other parameters, predictions generated on
simply combining that rounded parameter with the other fitted
parameters from the preceeding cycle may be sufficiently implausible that the nonlinear fitting procedure fails. This has
been found to be the case in fits to near-dissociation expansions
for vibrational energies and rotational constants, where an
accurate fit may require use of a moderately high-order rational
polynomial or exponent polynomial (7, 10, 12, 25).
Fortunately, it is a straightforward matter to predict corrections to the remaining free parameters which will compensate
in an optimum way for the effect of rounding off and fixing a
particular parameter. As is shown in the Appendix, if the
change in parameter m due to rounding is d p m , the optimum
compensating adjustment to (remaining free) parameter j is10
Dp j 5 ~C! j,m d p m U~ p j!/U~ p m!,

[6]

where C is the correlation matrix for the fit, which is readily
accessible as output from any reasonable least-squares fitting
routine.5,9 This expression assumes that the axis of the confidence ellipsoid in parameter space is locally linear, and is
implicit in Tellinghuisen’s correlated rounding procedure for
fits to linear models. While not exact for nonlinear fits, it
provides excellent initial trial parameters for proceeding with
fits following even very drastic rounding [e.g., rounding of an
exponent polynomial expansion parameter for which S( p m )/
d p m , 10 210 ]. A general least-squares fitting routine
(“nllssrr”) which utilizes Eq. [6] while applying the present
recommended sequential rounding and refitting scheme may be
obtained from the author by anonymous ftp.9
VI. CALCULATING UNCERTAINTIES IN QUANTITIES
PREDICTED FROM THE PARAMETERS OF A MODEL

For the sake of completeness, this section reviews a topic
which is not directly concerned with parameter rounding, but
with the closely related subject of determining the uncertainties
in the values of properties predicted from parameters determined by a fit. For example, what is the uncertainty in a given
RKR potential energy function turning point due to the uncertainties in the vibration–rotation constants used to calculate it,
or what is the uncertainty in the value of the vibrational
10

I am grateful to Professor M. E. Thompson for bringing to my attention
both the simple relationship of Eq. [6] and its derivation for the more general
case in which several parameters are rounded simultaneously (summarized in
the Appendix).
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constant v e x e associated with a near-dissociation expansion
(NDE) expression for vibrational energies, or what are the
uncertainties in the values of an analytic intermolecular potential function determined from a direct fit to experimental transition frequencies? While answers to these particular questions
have been reported (25–27), the generality of those answers
does not seem to be widely appreciated, with the result that
values of derived (spectroscopic) properties are often reported
without being accompanied by proper estimates of the associated uncertainties. The objective here is simply to remind the
reader of the straightforward procedure for calculating such
uncertainties, and to adjure them to always do so.
For a property F({ p j }) defined by a set of M parameters
{ p j } determined from a least-squares fit yielding parameter
uncertainties {U( p j )} and correlation matrix C, the associated
uncertainty in F({ p j }) is (28, 29)
U~F! 5 ÎD t z C z D,

[7]

where D is an M 3 1 column matrix of elements U( p j )(F/
p j ), for j 5 1 2 M. This expression may, of course, also be
written in terms of the variance– covariance matrix V instead of
C.11 One or the other of these matrices, together with the
correlated one standard error (66% confidence limit) or 95%
confidence limit parameter uncertainties, is returned by any
reasonable least-squares fitting subroutine package (20).5
In many cases the application of this procedure is quite
straightforward, as the property of interest is an explicit analytic function of the parameters. For example, direct “Hamiltonian” fits of spectroscopic transition frequencies to analytic
potential energy functions are becoming increasingly common
(13–16), and the potential parameters determined in this way
can be readily used to predict the uncertainties in the resulting
potential function in the extrapolation region beyond the range
spanned by the data (27). However, this has rarely been done.
For cases in which the dependence is not direct or cannot be
expressed in closed form, the programming may be a little
more complex, but straightforward application of error propagation techniques allows proper uncertainties to be generated.
This is the case for the determination of RKR turning point
uncertainties, where the turning points, and hence also their
partial derivatives with respect to the various spectroscopic
parameters, are algebraically defined in terms of numerical
quadratures (26). However, while fits to such turning points are
often used in attempts to determine dissociation limits and
long-range potential constants, their associated uncertainties
and their correlations (28 –32) are usually [inappropriately
(33)] ignored.
The elements of C and V are interrelated as (2, 28, 29): (C) a,b 5
(V) a,b / =(V) a,a (V) b,b .
11

VII. PARAMETER UNCERTAINTIES AND
MODEL DEPENDENCE

The final topic addressed here is one which is usually ignored in polite (scientific) society. It concerns the problem of
estimating the values of and real total uncertainty in physically
interesting quantities determined from fits of experimental data
to particular models. If the quantity of interest is one of the
explicit parameters of the model, the normal least-squares
procedure itself yields an estimate of its uncertainty within that
model, while if it is a derived quantity, the procedure of
Section VI does the same. However, this takes no account of
the fact that the choice of the analytic form of the model itself
is a further source of uncertainty. The nature of the problem is
illustrated here by consideration of the particular problem of
fits to expressions for the vibrational energy levels of a diatomic molecular ion, but the concerns are quite general.
Consider the problem of using a fit to the observed energies
G(v) of the lower vibrational levels of a diatomic molecular
ion to determine optimum estimates of its dissociation energy
$ and of the effective vibrational index at dissociation v $ .
Theory tells us that the limiting near-dissociation behavior of
the pattern of vibrational levels is given by
G lim~v! 5 $ 2 X 0~4!~v $ 2 v! 4,

[8]

where X 0 (4) is a known constant determined by the polarizability of the uncharged fragment atom yielded on dissociation
(34 –37). Since the observed levels generally do not lie in the
limiting region where this behavior is quantitatively obeyed,
the data are actually fitted to a more general “near-dissociation
expansion”
G NDE~v! 5 $ 2 X 0~4!~v $ 2 v! 4 3 ^~v $ 2 v!

[9]

which combines the limiting behavior of Eq. [8] with some
empirical expansion function ^(v $ 2 v) which takes account
of the deviation of the observed lower (small v) levels from the
limiting form. However, there is no single “true” or “best”
form for this empirical deviation function, and the dispersion
among the estimates of the values and uncertainties in the fitted
values of the physically interesting parameters $ and v $
yielded by different models is usually much greater than the
properly correlated uncertainties in the values obtained from a
fit to any one model (9, 38, 25).
An “averaging-over-models” procedure for addressing this
problem was introduced in Refs. (9, 38, 25). In particular, if a
fit to a particular model “k” which has an overall (dimensionless) standard error of s# f (k) yields an estimate P k of the
physical quantity P, with (95% confidence limit) uncertainty
U(P k ), then the recommended best estimate for the value of
this quantity is
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P# 5

O ~w P !/ O w ,
P
k

k

P
k

k

[10]

k

and for the associated 95% probability uncertainty in P# is
# ~P# ! 5 3
U

S

D

Sk wPk $~Pk 2 P# !2 1 @UM~Pk!/f95~N 2 M!#2%
Sk wPk

1/ 2

, @11#

where the (unnormalized) weight given to the value of (and
uncertainty in) parameter P yielded by model k is
w Pk 5 1/$U M~P k!@1 1 s# f ~k!#% 2.

parameters used in subsequent cycles of the sequential rounding procedure. A general least-squares fitting subroutine for
application to linear or nonlinear models which (optionally)
implements this SRR procedure may be obtained from the
author by anonymous ftp.6,9 Finally, the reported values of any
derived quantities calculated from parameters determined from
such fits should always be accompanied by proper correlated
uncertainties, calculated as described in Section VI, and whenever possible, the effect of model dependence should be taken
into account when reporting the overall uncertainty in physically interesting parameters. One approach to this latter problem is described in Section VII.

[12]

# (P# ) differ slightly from
These particular definitions of w Pk and U
those used in earlier work (9, 38, 25). The second factor in the
denominator of Eq. (12) is included to discriminate against
models which may give a poor overall fit to the data, but for
which a relatively low degree of interparameter correlation
may give rise to relatively small parameter uncertainties; it also
presumes that the data uncertainties {u(i)} are sufficiently
realistic that for “good” fits the magnitude of s# f (k) is close to
unity.
The sums over k in Eqs. [10] and [11] should include as wide
a range of (realistic) models as possible, but there will clearly
always be a practical limit to the range of models which may
be considered. However, use of this type of approach with
some range of models will always give more realistic estimates
of the true parameter values and their uncertainties than would
the conventional approach of considering only a single model
and relying solely on the values and uncertainties it yields. This
particular procedure has been incorporated into a general nonlinear least-squares fitting program for fitting near-dissociation
expansions to diatom vibrational level energies, which may be
obtained from the author on request.12

APPENDIX. CORRECTING SOME PARAMETERS TO
COMPENSATE FOR CHANGES TO OTHERS

In a normal linear (or nonlinear) least-squares problem involving uncorrelated data, the parameter (or parameter change)
column vector p is determined as the solution of the matrix
equation
p 5 V~X t z y# !,

[13]

where y# is the N 3 1 column vector of reduced data
(y# ) i 5y obs(i)/u(i), X is the N 3 M matrix of weighted partial
derivatives (X) i, j 5 [1/u(i)][ y calc(i)/p j ], and V 5 (Xt z
X) 21 . If the parameter vector is now divided into two compopa
nent vectors, p 5 p , where pb is the set of parameters
b
which are to be rounded to have values p9b , then we can
similarly partition X5 (Xa Xb ), and the new least-squares
estimate for parameters pa when parameters pb are fixed at the
(rounded) values p9b is

SD

p9a 5 ~X ta z X a! 21 X ta~y# 2 X b z p9b!.

[14]

VIII. CONCLUSIONS AND RECOMMENDATIONS

In conclusion, the present work shows that at the very least,
the number of significant digits quoted for parameters determined in a least-squares fit should be based on rounding at the
first significant digit of the Watson (17) parameter sensitivity
of Eq. [4]. Considerable further contraction may be achieved
by applying the sequential rounding and refitting procedure of
Section IV, or for linear fits, Tellinghuisen’s correlated rounding procedure (24). Present experience suggests that this will
yield a further *31 reduction in the number of significant digits
which must be reported. For nonlinear fits, application of this
approach will require, or at least be facilitated by, use of the
procedure of Section V for estimating corrections to initial trial

On partitioning the V matrix analogously, Eq. [13] may be
rewritten as

SD S
S
pa
pb 5
5

DS D
X ta z y#
X tb z y#

D

V a,a z X ta z y# 1 V a,b z X tb z y#
.
V b,a z X ta z y# 1 V b,b z X tb z y#

@15#

Making use of matrix identities expressing the matrix blocks
Va , b in terms of the products (Xta z Xb ) and their inverses (for
a and b 5 a or b) then yields
21
p9a 2 p a 5 V a,b z V b,b
~p9b 2 p b!.

12

Fortran program “gvnde” for fitting experimental vibrational energies to
Eq. [9] and performing the averaging over models represented by Eqs. [10]–
[11] (25) may be obtained by sending a request by e-mail to
“leroy@UWaterloo.ca.”

V a,a V a,b
V b,a V b,b

[16]

For the case in which parameter subset pb consists of only one
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R. J. Le Roy, “A Practical Guide to Least-Squares Fitting,” University of
Waterloo Chemical Physics Research Report CP-628R, 1998.
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J. Tellinghuisen, J. Mol. Spectrosc. 137, 248 (1989).
J. Tellinghuisen, J. Mol. Spectrosc. 173, 308 (1995).
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J. Tellinghuisen, J. Mol. Spectrosc. 141, 258 (1990).
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J. Tellinghuisen, J. Mol. Spectrosc. 165, 255 (1994).
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P. F. Bernath, “Spectra of Atoms and Molecules,” Oxford University
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parameter, the elements of this difference vector are given by
Eq. [6].10
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